Finite group extensions and the Atiyah conjecture 

Peter Linnell * Thomas Schick''' 

Last compiled February 1, 2008; last edited January 8, 2007 or 

later 

Abstract 

The Atiyah conjecture for a discrete group G states that the L^-Betti 
numbers of a finite CW-complex with fundamental group G are integers 
if G is torsion- free, and in general that they are rational numbers with 
denominators determined by the finite subgroups of G. 

Here we establish conditions under which the Atiyah conjecture for a 
torsion-free group G implies the Atiyah conjecture for every finite exten- 
sion of G. The most important requirement is that H*{G,'L/p) is iso- 
morphic to the cohomology of the p-adic completion of G for every prime 
number p. An additional assumption is necessary, e.g. that the quotients 
of the lower central series or of the derived series are torsion-free. 

We prove that these conditions are fulfilled for a certain class of groups, 
which contains in particular Artin's pure braid groups (and more generally 
fundamental groups of fiber- type arrangements), free groups, fundamen- 
tal groups of orientable compact surfaces, certain knot and link groups, 
certain primitive one-relator groups, and products of these. Therefore 
every finite, in fact every elementary amenable extension of these groups 
satisfies the Atiyah conjecture, provided the group does. 

As a consequence, if such an extension H is torsion-free then the group 
ring CH contains no non-trivial zero divisors, i.e. H fulfills the zero-divisor 
conjecture. 

In the course of the proof we prove that if these extensions are torsion- 
free, then they have plenty of non-trivial torsion- free quotients which are 
virtually nilpotent. All of this applies in particular to Artin's fu ll braid 
group, therefore answering question B6 on www . groupt heory . inf4 



Our methods also apply to the Baum-Connes conjecture. This is dis- 
cussed in p^], where for example the Baum-Connes conjecture is proved 
for the full braid groups. 
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1 Introduction 

In 1976, Atiyah constructed the L^-Betti numbers of a compact Riemannian 
manifold. They are defined in terms of the spectrum of the Laplace operator 
on the universal covering of M. By Atiyah's L^-index theorem [Q, they can be 
used e.g. to compute the Euler characteristic of M. 

Dodziuk [0 proved an L^-Hodge de Rham theorem which gives a combi- 
natorial interpretation of the L^-Betti numbers, now in terms of the spectrum 
of the combinatorial Laplacian. This also generalized the definition of L^-Betti 
numbers to arbitrary finite CW-complexes. The combinatorial Laplacian can be 
considered to be a matrix over the integral group ring of the fundamental group 
G of M. These L^-invariants have been successfully used to give new results in 
differential geometry, topology, and algebra. For example, one can prove certain 
cases of the Hopf conjecture about the sign of the Euler characteristic of nega- 
tively curved manifolds p^ , or, in a completely different direction, certain cases 
of the zero divisor conjecture, which asserts that Q[G] has no non-trivial zero 
divisors if G is torsion-free, following from the Atiyah conjecture about L^-Betti 
numbers. This paper is concerned with this algebraic aspect of the theory of 
L^-Bctti numbers. The methods employed will also be algebraic. 
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The Atiyah conjecture is the central theme of this paper. It is a prediction 
of the possible values of the L^-Betti numbers mentioned above. We start with 
an algebraic formulation of its statement. 

1.1 Definition. For a discrete group G, set 

lcm(G') := least common multiple of {|F| \ F < G and |F| < oo}, 

where we adopt the convention that the least common multiple of an unbounded 
set is oo. 

If lcm(C?) < oo, the strong Atiyah conjecture over KG says 

lcm(G) • dime (ker A) e Z yA e (KG) ; 

where K C C will in this paper always be a subring of the complex numbers 
which is closed under complex conjugation. We have used the adjective "strong" 
so as to distinguish it from the conjecture that Atiyah made in [Q, which in the 
case K = Qis equivalent to dime (ker A) e Q for aU A e Af„(QG'). 

Here A is considered as a bounded operator A: /^(G)" l'^{G)^ (acting by 
the convolution product). Let Wvcj: A be the projection onto ker A. Then 

n 

dimG(ker^) := trG(prkcr a) := X^^P^'kor^ ^»)''(G)"' 

i=l 

where Ci S Z^(G)" is the vector with the identity element of G C P{G) at the 
?*'^-position and zeros elsewhere. 

The ring KG embeds into the group von Neumann algebra 7VG, and this 
into von Neumann's ring of affiliated operators UG. We denote by DG the 
division closure of KG in UG, and we let S(G) be the set of all matrices over 
KG which become invertible in DG. For more details about all these objects 
compare e.g. Q or Section 8]. 

1.2 Remark. By Isl, Lemma 2.2] the strong Atiyah conjecture as stated in 



Definition 1.1 for iiT = Q is equivalent to the statement that for every fi- 
nite CW-complex X with fundamental group G, the L^-Betti numbers fulfill 

lcm(G)6^2)(^) £ ^• 

1.3 Remark. There were more general versions of the Atiyah conjecture for 
groups with lcm(G) = oo. The geometric version then says that at least all 
relevant L^-Betti numbers should be contained in the additive subgroup of Q 
generated by the numbers F < G with |F| < oo. 

However, this conjecture is false, as was shown by counterexamples in |]l6| 
and ^. 

1.4 Remark. If G is torsion-free, the strong Atiyah conjecture for KG is par- 
ticularly interesting: it implies that KG is a domain, i.e. has no non-trivial 
zero-divisors Lemma 2.4]. More precisely, the ring DG which contains KG 



is a skew field (compare e.g. |47, Lemma 3]). 

There are of course also purely algebraic methods available to attack the 
above-mentioned zero-divisor problem (and generalizations thereof). We will 
give partial results also in such a more general setting. More precisely: 
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1.5 Definition. Let i? be a division ring and G a group. A crossed product R*G 
is an associative ring wliicli has underlying set tiie free i?-module ^g^Q R ■ 9 
with basis {g \ g E G}. The multipHcation is determined by set maps (j): G x 
G ^ R \ {0}, a: G Aut(i?) satisfying certain conditions, and is given by 
'gi ■g2 — 0(51, 32)5152, g ■ r — {a{g)r) ■ 5; see [^3[ p. 2] for further information. 

We win be interested in the question of when such crossed products are 
domains, and in particular when they admit embeddings into skew fields. 

We will throughout the paper only deal with groups G with lcm(G) < 00. 
Note that G is torsion-free if and only if 1cm (G) = 1. 

The strong Atiyah conjecture is true for elementary amenable groups, and 
more generally for free groups and their elementary amenable extensions p5| . 
Note that this class of groups is closed under finite extensions. 

The strong Atiyah conjecture is also known for QG if G is a residually 
torsion- free elementary amenable group (i.e. the case if = Q) Corollary 4]. 
A generalization to if = Q, the field of algebraic numbers over Q in C, is given 
in This applies e.g. for pure braid groups and certain positive one-relator 
groups, but in these cases with known methods no general statement about 
finite extensions can be made. 

Observe that the last statement applies in particular to Artin's pure braid 
groups Pn, which are residually torsion- free nilpotent Theorem 2.6]. Our 
work was motivated by the question of whether the full braid groups i?„, which 
are finite torsion- free extensions of Pm also satisfy the strong Atiyah conjecture. 
It was also motivated by the result of Rolfsen and Zhu [^5[ Theorem 1] where 
using the property that i?„ is left orderable , they proved that Ci3„ has no 
non-trivial zero divisors. 

In this paper, we establish this and much more general results. 

The basic idea is: it is hard to deal with extensions with finite quotient F , 
but easy to handle torsion-free elementary amenable quotients. We recall in 
Section || (see Corollary 2/7 for a more general statement): 



1.6 Theorem. Let H he a torsion-free group which fulfills the strong Atiyah 
conjecture over KH . Suppose we have an exact sequence l^H^G^A^ 
1, where A is torsion-free and elementary amenable. Then the strong Atiyah 
conjecture for KG is true. 

For a finite extension l^iJ^G— >F— >1, our goal therefore is to find 

7r 

a factorization G ^ A ~» F, where A is elementary amenable and torsion-free. 



and apply Theorem 1.6 to the extension 1 kexn — » G ^ A ^ 1. 

One can further reduce to the case where i^ is a finite p-group for a prime 
number p. So we have to answer the question: given a torsion-free group H 
which fulfills the strong Atiyah conjecture, under which conditions on H does 
every extension 1 —> H —> G F 1, where i^ is a finite p-group and 
G is torsion-free, admit a factorization G ^ A ^ F with A torsion-free and 
elementary amenable. 

We give such a criterion in Section |^. In particular we prove 

1.7 Theorem. Assume that H has a finite classifying space and that for each 
prime number p, the canonical map 

H*{HP,Z/p) H*{H,Z/p) 
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from the continuous cohomology of the pro-p completion of H to the cohomol- 
ogy of H is an isomorphism. Suppose infinitely many quotients of the derived 
series of H or of the lower central series of H are torsion-free. Then the above 
factorization property is fulfilled. 

The proof uses the pro-p completions as an intermediate step to show that 
if no such torsion-free quotient exists, then the projection G — > -F induces 
a spht injective map in cohomology (we might have to replace F with a non- 
trivial subgroup first). Using an Atiyah-Hirzebruch spectral sequence argument, 
we show that the same is true for stable cohomotopy. But then a fixed-point 
theorem of Jackowski implies that the map G — > -F itself splits, which 
contradicts the assumption that G is torsion-free. 

All of this can be generalized to extensions G which contain torsion. Then 
the requirement is to find a factorization through an elementary amenable group 
A which has as little torsion as possible. The theorem extends to this case, 
and moreover, the assumption on the torsion-free quotients can be somewhat 
relaxed. 

The cohomological condition is rather strong. However, we show in Section 
^ that all conditions are satisfied by Artin's pure braid group. More generally, 
consider the following classes of groups: finitely generated free groups, surface 
groups, primitive one-relator groups, knot groups and primitive link groups. 
Using these building blocks, construct H as an iterated semi-direct product, 
such that always the quotient acts trivially on the abelianization of the kernel. 
Then H fulfills the conditions of Theorem |l.6| . By the pure braid groups 
can be constructed in this way, and therefore the theorem can be applied to 
them. 

We remark that, in the course of the proof, we construct torsion- free non- 
trivial elementary amenable quotients of the torsion-free extensions of our class 
of groups. This applies in particular to the full braid groups i3„, thus answering 



question B6 of http:/ /grouptheory.info/ for all n > 1 



Explicitly (compare Corollary 5.41) we have 



1.8 Theorem. Let Bn be the nth classical full Artin braid group. Then the 
strong Atiyah conjecture for QBn is true, where Q is the field of algebraic num- 
bers in C. Moreover, B„ is residually torsion-free nilpotent-by-finite. 

The algebraic methods of this paper can also be applied to the Baum-Connes 
conjecture, to establish this conjecture in more new cases. This is discussed in 
p6[ , where for example the Baum-Connes conjecture is proved for the full braid 
groups. 



2 Atiyah conjecture and extension with elemen- 
tary amenable quotient 

In this section, we recall some general results about the Atiyah conjecture, 
proved essentially in ^ . We will frequently make use of results in |3^ . 
There, these results are stated only for K = C However, everything generalizes 
immediately to the more general rings K we are considering. 

2.1 Notation. We let A denote the class of finitely generated abelian-by-finite 
groups. If X and y are classes of groups, then G G LX means that every finitely 
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generated subgroup of G is contained in an (Y-group, and G G Xy means that 
G has a normal A'-subgroup H such that G/H is a 3^-group. 

A group is called elementary amenable, if it belongs to the smallest class 
of groups which contains all solvable groups and all finite groups, and which is 
closed under extensions and under directed unions. 

Also N will denote the positive integers (so is excluded), and Nq NU{0}. 

2.2 Proposition. Assume that G is a discrete group with lcm(G') < oo and 
DG, the division closure of KG in UG, is Artinian. 

Then DG is semi-simple Artinian. Moreover, if L is a positive integer then 

L ■ dimG(keryl) e Z for each A e M„{KG) 

is equivalent to 

L ■ trG(e) G Z for each projection e G DG. 

In particular, G fulfills the strong Atiyah conjecture if and only if for each 
projection e G DG we have lcm(G) • trG(e) G Z. 

Proof. Semi-simplicity follows from [^6| Lemma 9.4]. 

The remaining statements are also standard. The strong Atiyah conjecture 
implies the statement about the trace of the projections in DG using Cramer's 
rule j|, Proposition 7.1.3] as in the proof of J^, Lemma 3.7]. 

The converse follows by noting that the semi-simple Artinian subring DG of 
UG is *-regular, and hence for A G Mn{KG) C Mn{DG) we have AM^iDG) = 
eMn{DG) for a unique projection e G M„(£)G). Thus the G-dimension of the 
range of A is equal to the G-trace of the projection e, the G-dimension of the 
kernel of A is equal to the G-trace of the projection 1 — e, and we can apply 



36, Corollary 13.11] to see that Ltvcie) G Z. □ 



2.3 Lemma. Assume that H is a discrete group, DH is Artinian and there is 
a positive integer L such that 

L ■ ivi{{e) G Z if e & DH is a projection. 

Suppose H < G and the index [G : H] < oo. Then DG is semi-simple Artinian 
and 

[G : H] ■ L ■ trG(e) G Z if e (E DG is a projection. 



2.2 and 



Proof. This follows immediately from ] p6| . Lemma 9.4], Proposition 
Proposition 4] . Alternatively, a direct argument is given in ] |36| , Proof of Lemma 
13.12]. □ 

2.4 Lemma. Assume that H is a group with lcm{H) < oo. Let G be a finite 
extension of H with quotient group G/H and projection t:: G —> G/H. 

If there «s L G N such that for the inverse images Hp < G of all Sylow 
subgroups of G/H 

L ■ \cm{Hp) ■ dimn^ (ker A) e Z VA G A/„ (KHp), 

then 

L ■ lcm(G) • dime (ker A) G Z VA G Mn{KG). 

In particular, the strong Atiyah conjecture for all the Hp implies the strong 
Atiyah conjecture for G. 



Finite group extensions and the Atiyah conjecture 



7 



Proof. Write \G/H\ — p^^ . . .p^'' where the pj are different primes. Let Hp. be 
the inverse image under tt of a pj-Sylow subgroup of G / H . This imphes that 
Pj does not divide [G : Hp.] = \G/H\ i-e. the greatest common divisor of 
all [G : Hp^] is one. 

For trivial reasons we have the following divisibility relation: 

lcm(i7pj I IcmlG) Vj. 

If ^ G Mn{KG) then, by assumption and by Proposition 4], 

L ■ \cm{Hp^) ■ [G : Hp^] ■ dimG(ker(A)) e Z, 
consequently L ■ [G : Hp^] ■ lcm(G) ■ dimG(ker(j4)) G Z. 

Passing to the greatest common divisor we get 

L ■ lcm(G) • dimG(ker A) = g.c.d.{[G : Hp^]} ■ L ■ lcm(G) ■ dimG(ker^) e Z. □ 

The following lemma is needed to arrive at the purely algebraic results — 
beyond the Atiyah conjecture — we want to obtain. Information on Ore domains 
can be found in §4]. 

2.5 Lemma. Let G be an elementary amenable group, let k be an Ore domain, 
and let k * G be a crossed product. If k * F is a domain for all finite subgroups 
F of G, then k * G is an Ore domain, consequently it has a right quotient ring 
which is a skew field. 

Proof. First suppose G is finitely generated abelian- by- finite. If is a skew 
field, this is the statement of js^. Corollary 4.5]; it also follows from |^9[ Lemma 
4.1]. For an arbitrary Ore domain fc, let S" = A: \ {0}. Then kS~^ is a skew field 
and kS~^ * H = {k* H)S^^ for all subgroups H of G. From the first sentence, 
kS~^ * G is an Ore domain, and we deduce that fc * G is an Ore domain. 

The general case is proved by transfinite induction. Let A be the class of 
all finitely generated abelian-by-finite groups. Let 3^o denote the class of finite 
groups, and define inductively 3^q := (LJ^a-i)^ if a is a successor ordinal, and 
ya ■= U/3<Q 3^/3 if a is a limit ordinal (cf. Lemma 4.9]). Then, by the proof 
of Lemma 4.9(u)], the class of elementary amenable groups is lJa>o ■^a- 

Let a be the least ordinal such that G G 3^q. Then a cannot be a limit 
ordinal, and the result is certainly true if a = 0. Therefore, we may write 
a = /3 + 1, and assume that the result is true for all groups in 3^/3. If [/ e Ly^, 
then since A: * is an Ore domain for every finitely generated subgroup E of U, 
it is clear that /c * J7 is an Ore domain. Hence, we may assume that the result is 
true for groups in Ly/s. Now G has a normal subgroup D such that D G Ly^i 
and G/D G A. Furthermore, if E/D is a finite subgroup of G/D, then E G Ly^i 
by the proof of |3^, Lemma 4.9(iv)]. The result follows from the case first dealt 
with, where we replace G with G/D and k with k * D. □ 

2.6 Proposition. Let l^H—>G—fA—>l be an exact sequence of groups. 
Fix K = K d C and L G N. Suppose A is elementary amenable and DH is 
Artinian. For a subgroup E < A, let He denote the inverse image of E in G. 

(i) Assume that we can find L G N such that for all finite subgroups E < A, 
L ■ tTHE (e) G Z for each projection e G DHe- 
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Then DG is semi-simple Artinian and 

L ■ trG(e) e Z for each projection e G DG. 

(ii) With the setup in (i), assume further that the identity map on KH induces 
an isomorphism 



KH^iffx — > DH, where ^{H) is defined in Definition lA 



Then the identity map on KG induces an isomorphism KG-s{g) ^ DG. 

(iii) Let k be a domain and k * G be a crossed product. Assume that k * H 
embeds into a skew field Dh and the twisted action of A on k * H extends 
to a twisted action on Dh (in particular, we can form Dh * A). Assume 
that Dh * E is a domain for all finite subgroups E of A. Then k * G can 
be embedded in a skew field. 

Proof. We shall prove parts (i) and (ii) by the standard transfinite induction 
argument as used in Lemma ^.S] , and we shall adopt the same notation as defined 
in the second paragraph there. The proof of (i) is similar to Proposition 8]. 
Thus we have two cases to consider: 

(1) A has a normal subgroup B such that A/B ^ A and the result is known 
with B in place of A. Then in (i) we use Lemma 13.10, parts (i) 
and (iii)], while in (ii) we use Lemma 13.10(ii)], noting that C can be 
replaced by any subfield of C which is closed under complex conjugation. 

(2) A is the directed union of groups Ai, and the result is known with Ai in 
place of A for all i. In (i) we apply Lemma 13.5, parts (i) and (ii)], 
while in (ii) we apply [|36| , Lemma 13.5(iii)]. Again we note that C can be 
replaced by any subfield of C which is closed under complex conjugation. 

For the proof of par t (iii) of the proposition, observe that (fc * H) * G/H — 
k * G. By Lemma |2.5| the ring Dh * A, and hence also (k * H) * A — k * G, 
embeds into a skew field. □ 



2.7 Corollary. Under the assumptions of Proposition ^.f\ if L = lcm(G') then 
the strong Atiyah conjecture is true for KG. 

If for every finite subgroup E of A, KHe fulfills the strong Atiyah conjec- 
ture, then we may take L = lcm(G). Hence under this condition the strong 
Atiyah conjecture for KG holds. 



Proof. This follows immediately from Proposition 2.6 and Proposition 2.2. □ 



2.8 Corollary. IfG is elementary amenable and lcm(G') < oo, then the strong 
Atiyah conjecture holds for CG. 

Proof. This follows since the strong Atiyah conjecture is true for CG if G is a 
trivial group. □ 
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3 More positive results about the Atiyah con- 
jecture 

In this section, we recall a few more known results about the Atiyah conjecture, 
proved in particular in and [0. 

3.1 Definition. Let T> be the smallest non-empty class of groups such that: 

(1) If G is torsion-free and A is elementary amenable, and we have a projection 
p: G ^ A such that p^^{E) G V for every finite subgroup E of A, then 
G G P. 

(2) I? is subgroup closed. 

(3) Let Gi G I? be a directed system of groups with homomorphisms (j>ij : Gi —> 
Gj or (pij : Gj — > Gi, respectively, for i < j, and assume that G is its direct 
limit or inverse limit, respectively. Then G € V. 

3.2 Theorem. Theorem 1],^^, Theorem 1.4] 

Assume that Q is the algebraic closure of Q in <C and G G P. Then the strong 
Atiyah conjecture is true for QG. 

3.3 Corollary. The strong Atiyah conjecture is true for QG, if G is residually 
torsion-free nilpotent or if G is residually torsion-free solvable. 



4 Finite extensions and the Atiyah conjecture 

In this section, we give an abstract criterion when the strong Atiyah conjec- 
ture for a torsion-free group G implies the strong Atiyah conjecture for all of 
its extensions with finite quotient, and more generally for all extensions with 
elementary amenable quotient. 



The strategy is the following: making use of Lemma 2.4, instead of investi- 
gating all of the finite extensions at once, we study them one prime at a time 
(concentrating on those extensions where the quotient is a finite p-group) . 



The crucial condition is cohomological completeness, defined in Definition 4.2 
This is expressed in terms of pro-p completions and their continuous cohomol- 
ogy, following the definitions and notation of ||5^ . 

Our condition is used to show that each finite extension G of the given 
group H is an extension of a suitable subgroup of H with elementary amenable 
quotient A, such that A contains as little torsion as theoretically possible. This 
allows us to apply standard results to conclude the Atiyah conjecture for G. 

Before we obtain these results, we start with a comparably easy other con- 
dition, which is also of cohomological type. 



4.1 Groups with Euler characteristic equal to one 

4.1 Theorem. Assume that H is a group with finite classifying space BH, and 
with Euler characteristic 



X{H)^X{BH) G {1,-1}. 
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Suppose the strong Atiyah conjecture is true for KH and we have an exact 
sequence 

such that Q is elementary amenable and lcni(G) < oo. 
Then the strong Atiyah conjecture is true for KG. 

Proof. Sin ce H has a fini te classifying spa ce, it is torsion- free. Because of Propo- 



sition |2.6| , Corollary \2.'^ and Lemma p.4| , it is sufficient to assume that Q is a 
finite p-group. 

In this situation, we will prove that \Q\ divides lcm(G). It then follows from 



Lemma 2.3 that KG fulfills the strong Atiyah conjecture. 

Since the Eulcr characteristic is multiplicative Proposition 7.3], x(G) = 
±|ij. By 0, Theorem 9.3], lcm(G) • x(G) £ Z, therefore \Q\ divides lcm(G). 
This concludes the proof. □ 

This result is less interesting than it might seem to be because a non-trivial 
finite extension of a group H with x{H) = ±1 can not be torsion-free (which is 



well known and follows from the argument in the proof of Theorem 4.1) 



4.2 Cohomology of groups and their completions 

4.2 Definition. For a discrete group G and a prime number p, let G^ denote 
the pro-p completion of G. This is the inverse limit of the system of finite p- 
group quotients of G. Then (Jp is a compact totally disconnected group, and 
we have a (not necessarily injective) canonical homomorphism G — > G^. The 
cohomology of a profinite group like G^ in this paper will always be its Galois 
cohomology pof (sometimes also called continuous cohomology). 

4.3 Definition. A discrete group G is called cohomologically complete if for 
each prime number p the homomorphism 

H*{GP,Z/p) ^ H*{G,Z/p) (4.4) 

is an isomorphism. Here the action on Z/p is assumed to be trivial. Define 
cohomological p- completeness by requiring the same only for p. 

4.5 Lemma. Let G be any group. Then in low degrees we get isomorphisms 

H"{GP,Z/p) ^ H"{G,Z/p) 
H\GP,Z/p)^H\G,Z/p), 

and an injection 

H'^{GP,Z/p) ^ ij2(G,Z/p). 

Proof. This is well known; for the convenience of the reader we give an argument. 
The statement for iJ" is obvious from the definition. Next, assume is a normal 
subgroup of G such that G/V is a finite p-group. Then we get the following 
exact sequence in low cohomology degrees 

^ H^{G/V, Z/p) H^{G, Z/p) 

^ H^{V,Z/pf H^{G/V,Z/p) H^{G,Z/p). 
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Passing to the direct limit, as V varies over all normal subgroups of p-power 
index, we obtain the following exact sequence (since taking direct limits is exact) 

-> \im H\V,Z/pf H'^{GP,Z/p) H'^{G,Z/p). 

To prove the remaining statements, we only have to prove that the limit in 
the middle is zero. Now, given any such V, a n element x £ H^(V,Z/p) is a 



homomorphism x: V —>■ Z/p. By Lemma 4.11 , the kernel of x (which has in- 
dex 1 or p in V) contains a subgroup W which is normal in G, and such that 
V/W is a finite p-group. Then also G/W is a finite p-group, and by construc- 
tion of W the image of x (which is just the restriction of the homomorphism) 
in H^{W,Z/p), and therefore also in the limit, is zero. Since V and x were 
arbitrary, limH^{V,Z/p) = 0, as desired. □ 

4.6 Example. Let F be an arbitrary free group (not necessarily finitely gen- 
erated). Then F is cohomologically complete. 



Proof. The case where F is finitely generated is contained in Example 5.29 and 
Proposition 3.3C| . The general case is proved i n [pO) , just observing that F and 



PP have cohomological dimension 1 and that (4.4) always is an isomorphism in 



degrees and 1. □ 



4.7 Lemma. Assume that G is cohomologically p-complete and A is a finite dis- 
crete p-primary G^-module. Then the homomorphism H*(Gp, A) — > H*{G,A) 
is an isomorphism. 

Assume that £l is a profinite group such that H''{£l, Z/p) is finite for every 
k. If A is a discrete finite p-primary Hi-module, then H''{£l,A) is finite for 
every k eNq. 

Proof. Because of the corollary to Proposition 20] A has a composition series 
whose successive quotients are isomorphic to Z/p. We can now use induction 
on the length of this composition series, and the five lemma applied to the long 
exact cohomology sequences associated to short exact sequences of coefficients 
(on the discrete as well as on the pro-p side) to conclude the proof. Existence of 
these long exact sequences is proved in ]5^ , Theorem 9.3.3] and ||^, Proposition 
6.1]. Compatibility of the boundary maps with the comparison maps follows 
from the constructions. □ 



4.8 Definition. A set of subgroups W of a group G is cofinal among a set of 
subgroups V of G, if for each V G V there is U GU with U C V. 

4.9 Definition. The subgroups in the lower central series of a group G are 
called 7„(G). They are inductively defined by 71(G) := G and 7^+1 (G) := 
[7n(G), G]. For two subgroups U, V of G, [U, V] denotes the subgroup generated 
by commutators [u, v] := u~^v~^uv with u G U and v G V. 

The group G is called nilpotent {of class < n — 1), if 7n(G) = {1} for some 
nGN. 

We define the derived series G'"^ inductively by G'^' := G and G*^"+^' := 
[G("), G(")]. A group is called solvable {of class < n - 1) if G^") = {1}. 
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The following lemma will be used in the construction of cofinal sets of sub- 
groups at various places. 

4.10 Lemma. Let F be a finite group, I any index set. Then the product 
G := riie/ ^ locally finite and in particular, elementary amenable. 

Proof. We show that every finitely generated subgroup of G is finite. Let 
gi,. . . ,gn with gu = {,fi)iei, fi & F,he a, finite collection of elements of G, and 
let H be the subset of G generated by gi, gn. Define the map fi: I ^ F" by 
A*(*) •= {fii • • • 7 Pi )- The target of /i is a finite set. Therefore, there is a finite 
subset J C I such that for each z G / there is j e J with = 

Let p: G = Yliei ^ ^ Hje j F =: E he the obvious projection. Observe that 
E is finite since J is finite. We prove that the restriction of p to iJ is injective, 
which implies that the finitely generated subgroup _ff of G is finite. 

To do this, let x = g"^ ■ ■ ■ g"^^' e be an element of the kernel of p. That 
means that (/J^)"^ • ■ • {fj^T^' = 1 G -F for each j G J. But for an arbitrary 
i € I we find j G J with f^'' = /J*" for each k = 1 , . . . , by our choice of J. In 
other words, 1 = g^^ ■ ■ ■ g^^ = x € G, i.e. the kernel of p\h indeed is trivial. □ 

4.11 Lemma. Let {J7j}ie/ be a set of normal subgroups of a group G. Define 

(1) If G/Ui is torsion-free, or nilpotent of class < n, or solvable of class < n, 
respectively, for every i € I, then G/V has the same property. 

(2) If I is finite and G/Ui is finite, or is a finite p-group, or is elementary 
amenable, respectively, for every i € I, then G/V has the same property. 

Fix a normal subgroup U of G and a subset A of the set of all automorphisms 
ofG. SetV:=f]^^^a{U). 

(1) If G/U is torsion-free, or nilpotent, or solvable, respectively, then G/V 

has the sam,e property. 

(2) If A is finite and G/U is finite, or is a finite p-group, or is elementary 
amenable, respectively, then G/V has the same property. 

(3) Assume thatG is finitely generated and G/U is finite oris a finite p-group, 
respectively. Then G/V is also finite or a finite p-group, respectively. 
In particular, U contains a characteristic subgroup W such that G/W is 
finite, or a finite p-group, respectively. 

(4) If G is finitely generated and G/U is solvable-by-finite (i.e. has a solvable 
subgroup of finite index), then G/V is also solvable-by-finite. 

Proof. Observe that V is the kernel of the projection G -» Hie/ ^/^i =• P- 
Consequently, G/V is a subgroup of the infinite product P. Now P is torsion- 
free, or nilpotent of class < n, or solvable of class < n, respectively, if and only 
if the same is true for every factor G/Ui. If I (and therefore the product) is 
finite, then we conclude also that P is finite, or a finite p-group, or elementary 
amenable, if every G/Ui has the same property. Since all these properties are 
inherited by subgroups, the first part of the lemma follows. 

For the second part set I := A and Ua ■= ct{U) for a G I. The first 
two statements now follow from the first part by observing that G/a{U) is 
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isomorphic to G/U for every a E A. For the third statement observe that, 
since G is finitely generated, for each fixed finite group E there are only finitely 
many different homomorphisms from G to E. Consequently, since all the groups 
G/a(U) are isomorphic finite groups, there is only a finite number of different 
subgroups a(U) (being the kernel of finitely many homomorphisms), and the 
statement follows from the second statement. Putting this together with the 
first statement yields the fourth statement. □ 

4.12 Lemma. Let I ^ H ^ G ^ Q ^ 1 be an exact sequence of discrete 
groups where H — kerTr, and let p be a prime number. Then the following 
sequence of pro -p completions is exact: 

HP ^GP l^QP ^ 1. 

The kernel of ti is exactly the closure of H in G^ . If the subgroups UHH, where 
U runs through all normal subgroups of G with p-power index, are cofinal among 
all normal subgroups of H with p-power index, then we get the exact sequence 

HP ^GP ^QP -^1. 

This is the case in particular if Q is a finite p-group (which implies Q — Qp). 

Proof. The first statement is a standard fact; compare [^3[ Exercise 1.6.(10)] and 
use the property that the image of HP in (Jp is closed, because HP is compact 
and GP is Hausdorff. The kernel of tt is the closure in (Jp of H, in other words 
is the completion of H with respect to the system of normal subgroups H DU, 
where U <\G and G/U is a finite p-group. For the second statement, we have 
therefore to show that this completion coincides with HP. By Exercise 
1.6(4)] this is the case under the assumption that the system H r\U \s cofinal 
among all normal subgroups of H of p-powcr index. 
Assume now that Q is a finite p-group. 

It remains to check that whenever V <\H such that H /V is a finite p-group, 
we can find U < G with G/U another finite p-group and U D H C V. The 
intersection W of all (finitely many) conjugates of F in G is contained in V 
and is normal in G. Its index in G is a power of p if and only if the same is 
true for its in dex in H (since G/H is a finite p-group). The latter follows from 



Lemma 4.11. Therefore W is the normal subgroup we had to find, and the last 



assertion of the lemma follows. □ 
The following results establish cohomological p-completeness. 

4.13 Proposition. Assume that H is a discrete group which is cohomologically 
p- complete. Let 

l^H ^G^Q^l 

be an exact sequence of groups, where Q is a finite p-group. Then G is also 
cohomologically p- complete. 



Proof. The exact sequence 1-^H^G^Q^ \ induces by Lemma \^.12 
exact sequence 

I ^ HP ~* GP Q 1, 
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Now we have two spectral sequences with £"2 '-terms 

H\Q,H\HP,Z/p)) or H\Q, H'^{H,Z/p)) 

converging to 7J'+''(G^, Z/p) or (G, Z/p), respectively. By assumption on 
H the natural map between Galois and ordinary cohomology induces an iso- 
morphism between the i?2-terms, and consequently the isomorphism between 
H*{GP, Z/p) and H*{G, Z/p) we had to establish. □ 

4.14 Definition. Let F be a vector space (over any field), or let V be an abelian 
group, and A: V ^ V an automorphism of V. We say A acts unipotently on 
V, if (A - idv)" = for some n e N. 

If a group G acts on V via a: G ^ Aut(V^), we call the action of G unipotent 
if there is m G N such that {a{gi)~idv) ■ ■ ■ ("^(gm)— idy) = for all 51, . . . , £ 
G. 

4.15 Theorem. Let l^H^G^Q^l be an exact sequence of groups. 
Assume that H is finitely generated, and that H as well as Q are cohomologically 
p-complete for some prime number p. Assume that W{H]'L/p) is finite for all 
i (this is true e.g. if H has a finite classifying space), and that each element 
of Q acts unipotently on Hi{H\Z/p). Then G is cohomologically p-complete. 

If, moreover, H^iQ^Z/p) is finite for each /c e N, then H^{G,Z/p) is finite 
for each fc G N. 

This theorem with proof is modeled after Exercise 1) and 2) on p. 13]. 
In its present formulation, it was suggested to us by Guido Mislin. To prove it, 
we first need a sequence of auxiliary results. 

4.16 Proposition. Assume that G is cohomologically p-complete, and U is a 
normal subgroup of G such that G/U is a finite p-group. Then U is cohomolog- 
ically p-complete, as well. 

Proof. We have the exact sequence 1 U ^ G ^ G/U ^ 1 and, by Lemma 



4.12 an exact sequence 1 ^ [/^ ^ G^ G/U 1. Since U has finite index 
in G, coind^Z/p is a finite G-module and, therefore, it is the restriction of 

coind^p Z/p to G, which is itself a finite discrete G^-module. The discrete 
Shapiro isomorphism Proposition 6.2] 

0: H\G, coind'f}Z/p) H^{U,Z/p) 

is given as composition 

H^{G, coind^ Z/p) ^ H'^{U, resc/ coindg Z/p) H^{U, Z/p), 

the first map being induced from the inclusion i: U ^ G, and the second 
induced from the coefficient homomorphism. The profinite Shapiro isomorphism 



49| Proposition 10] 

4>: H^{GP, comdf^ Z/p) H^{ijP,Z/p) 
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is given in exactly the parallel way. Naturality implies that we get a commuta- 
tive diagram 

i7'=(G, coindgZ/p) — J-^ H''{U,Z/p). 
Because G is cohomologically p-complete and coindj^^j, Z/p is a finite discrete 



GP-module, by Lemma 4.7, ac is an isomorphism. It follows that 

au : H'^il/P, Z/p) ^ H''{U, Z/p) 

is an isomorphism, as we had to prove. □ 

4.17 Lemma. Assume that V is a Z/p-vector space and A: V ^ V is a unipo- 
tent automorphism of V , i.e. {A — idy)" = for some n > 0. Then, A^ — idy 
if p^ > n. 

Proof, li p^ > n, then 



3=0 



since (^^ ) is divisible by p for < j < p'^, and is a Z/p-vector space. □ 

4.18 Definition. For a discrete group H, we define the p-lower central series 
inductively by ^{(H) := H, and for fc > 1 7^(i?) := ([7^_,(7J), ff], 7^_,(iJ)P), 
the subgroup of H generated by the commutators [y^_^{H),H] and all p-th 
powers of elements in ^^_i{H). Observe that these are characteristic subgroups. 
Then ^P{H)/^2{H) = Hi{H,Z/p) and, more generally, there is a projection 
H,{^k-iiH),Z/p) jP^,iH)/jP{H), in particular, Yk-iiH)hliH) is a Z/p- 
vector space for each k > 2. 

If 7J is a finite group of order p^, then '~f^_^_i{H) = {1}. The smallest / G N 
such that 'yf_^i{H) = {1} is called the nilpotent p -length of H. If I is the nilpotent 
p-length, then 'yf(H) is a central subgroup of H and each element has order p 
(or 1). 

4.19 Lemma. Assume that H is a finite p-group of nilpotent p-length k and 
a: H ^ H is an automorphism such that the induced action on Hi{H,Z/p) is 
trivial. Then cf = idn . 

Proof. This is done by induction on the nilpotent p-length fc. If fc = 1 then 
H = Hi{H, Z/p), and the assertion follows by assumption. 

If fc > 1, consider the group H' := H/^P{H). This is a finite p-group of 
nilpotent p-length fc — 1. Moreover, the projection H H' induces an iso- 
morphism Hi{H,Z/p) Hi{H' ,Z/p). Let a: H' H' be the automorphism 
induced by a. By induction, {aY — id/f . 

Set P := aP . We show (3p = id/f , which immediately implies the result. 
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Since (3 acts trivially on H/^^{H), for each x E H we have P{x) = x(j>{x) 
with (j){x) e 7fe(H). Now 

xy(l){xy) = [}{xy) = (3{x)(3{y) = x(l)[x)y(j){y) = xy(j>{x)(j){y), 

using the fact that ^^{H) is central in H. Therefore cj): H 7„_i(_ff) is a 
group homomorphism. Since 'y^(H) is an abelian Z/p-vector space and lies in 
the kernel of the projection H Hi{H, Z/p) (here we use fc > 1), the restriction 
of (j) to 7^(i?) is trivial, and therefore the restriction of f3 to 7^(-ff) is the identity. 
It follows that P^{x) = X ■ {(t){x)Y . In particular (3p{x) = x, since (j){x) like each 
element of jHH) has order p. □ 

4.20 Lemma. Let H be a central subgroup of the group G such that H is 
a finite p-group and G/H is cohomologically p-complete. Then G contains a 
normal subgroup N such that G/N is a finite p-group, and H Cl N = {I}. 

Proof. We prove this by induction on the nilpotent p-length k oi H. Set Q = 
G/H and assume first that fc = 1. Then H = Hi{H,Z/p) ^ H^{H,Z/p). By 
Lemma 4.12 , the exact sequence l^H^G^Q^l maps to the exact 
sequence of pro-p-completion I^H^GP-^Qp^I, where, since 7J is a 
finite p-group, H is a quotient of H. The spectral sequences for the cohomology 
of such extensions give rise to exact sequences in low degrees, and because of 
naturality we get the following diagram of exact sequences 



H\G,Z/p) 



H\H,Z/p) 



H\H,Z/p) 



H\Q^,Z/p) 



H\Q,Z/p) 



Note that in general, the middle term is H^{H,Z/p)'~^ , the G-fixed set of 
H^{H,Jj/p) (and similarly H^{H,Z/p)'^''). In our case, by assumption, the 
action of G on 7? is trivial, and this implies that G acts trivially on H^{H, Z/p) 
and G^ acts trivially on H^{H, Z/p), so that we get exactly the above diagram. 

By Lemma 4.5, the first two homomorphism are isomorphisms, and /3 is in- 
jective. Q being cohomologically p-complete explains why the fourth homomor- 
phism is an isomorphism. The 5-lemma now implies that /? is an isomorphism. 

Since, by assumption, H = H^{H,'L/p) and is a quotient of we also 
have i? H^{H, Z/p) ^ H^{H, l^jp) = H. By Lemma |T2| this means that 



/3 

for each normal subgroup U of _ff of p-power index, in particular for {1}, we 
find a normal subgroup of G such that G/V is a finite p-group and such that 
V n H C U. This proves the statement in the case fc = 1. 

If the nilpotent p-length fc is bigger than 1, consider L := 7^ (-ff) = ker(_H' — > 
Hi{H,Z/p)). Since this is a characteristic subgroup of H, we get an exact 
sequence 

1 -> H/L G/L ^ Q ^ 1, 

with Hi{H/L,Z/p) H/L, and stiU G/L acting trivially on Hi{H/L,Z/p) ^ 
Hi{H,Z/p). As we have just proved, we then find a normal subgroup U of 
G/L which has finite p-power index in G/L and such that U fl H/L = {!}. 
Let tt: G ^ G/L be the canonical projection, and V := tt~^{U) the inverse 
image of U in G. Then G/V is a finite p-group, and V Ci H C L = 72 (i?). Set 



H\G'',Z/p) 



H\G,Z/p). 
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Q' := VH/ H. This is a normal subgroup of Q, and Q /Q' is a finite p-group. By 
Proposition |4. 14 Q' is cohomologically p-complete. We get an exact sequence 

Of course, still V acts trivially on L. Moreover, the nilpotent p-length of i = 
72 (i?) is strictly smaller than fc, the nilpotent p-length of H . By induction, we 
find therefore a normal subgroup of such that V/W is a finite p-group and 
such that LnW ~ {1}. By Lemma |4.11 , we can replace W hy a, smaller normal 



subgroup W' such that still V/W is a finite p-group, such that of course also 
still LnW = {1}, and such that W is normal in G. It follows that G/W is a 
finite p-group. Since W' < V and V OH < L, wc finally get from W' (IL = {1} 
that W nH = {1}, as desired. □ 

4-21 Re mark . Though the condition that H is central in G is rat her s pecial, 
Lemma 4.2(]| is still an important first step in our proof of Theorem 4.15 . 



4.22 Lemma. Assume that l^H^G^Q^lisan exact sequence of 
groups, H is a finite p-group, each element of G acts nilpotently on Hi{H,'Z/p), 
and Q is cohomologically p-complete. Then G contains a normal subgroup V 
such that G /V is a finite p-group, and H HV — {1}. 

Proof. The action of G on if is a homomorphism from G to the finite group 
Aut(iJ). Let N be the kernel of this homomorphism. We claim that G/N is 
a finite p-group. Since G/N is finite, it suffices to show that the order of each 



element of G/N is a power of p. Fix g G G. Lemma 4.17 and Lemma 4.19 
together imply that gP acts trivially on H if fc is sufficiently big, i.e. g^ € N. 
Since g was arbitrary, the order of each element of G/N is a power of p. 

Set Q' := NH/H. This is a normal subgroup of Q, and Q/Q' is a finite 



p-group. By Proposition 4.16, Q' is cohomologically p-complete. Moreover, in 



the exact sequence 1 HnN ^ iV — > Q' ^ 1 , by construction N acts trivially 



on n TV. By Lemma 4.20, we can find a normal subgroup U of N such that 



N/U is a finite p-group and such that H nU ^ {H n N) nU ^ {!}. Moreover 



by Lemma 4.11, we can replace C/ by a smaller subgroup V such that V < G 
and N/V is a finite p-group. Then G/V is also a finite p-group, which finishes 
the proof because obviously H nV = {!}. □ 

4.23 Proposition. Assume that l^H^G-^Q^lisan exact se- 
quence of groups, H is finitely generated, each element of G acts unipotently 
on Hi{H,'L/p), and Q is cohomologically p-complete. Then we get an exact 
sequence of pro -p completions 

1 ^ HP ^ GP ^ QP ^ I. 

Proof. By Lemma [4.12| , we only have to prove that for each normal subgroup 
U of H such that H/U is a finite p-group we can find a normal subgroup V of 
G such that G/V is a finite p-group and such that V Ci H < U. Fix such a U. 



Since H is finitely generated, by Lemma 4.11, we can replace C/ by a smaller 
characteristic subgroup V such that V < U and H/V is a finite p-group. We 
obtain the exact sequence 1 H/V G/V Q ^ 1. Since Hi{H/V,1/p) is 
a quotient of Hi{H, Z/p), each element of G/V acts unipotently on Hi{H, Z/p) 
(without loss of generality we can even assume that V < 7f(i?), and then 
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Hi{H,'Z/p) ~ Hi{H/V,'Z/p)). Moreover, H/V is a finite p-group. By Lemma 



4.22, wc find a normal subgroup W of G/V of finite p-power index such that 
WnH/V = {1}. Let W be the inverse image of in G. Then WnH <V <U, 
and G/W is a finite p-group. □ 



Proof of Theorem Because of Proposition 4.23 , the assumptions imply 



that we have the exact sequence 

1 ^ HP ^ GP ^ QP ^ 1. 



As in the proof of Proposition 4.13, we have two compatible spectral sequences 



with £'2 "^-terms 

H\QP,H''iHP,Z/p)) or H\Q, H'^{H,Z/p)) 

converging to H^+''{GP,Z/p) or H'+''{G,Z/p), respectively. The assumption 
on H means that the natural map between Galois and ordinary cohomology 
induces an isomorphism between the coefficients in the ii'2-terms, which, again 
by assumption, are finite Q^-modules. Because of the assumption on H and 



Lemma 4.7, the natural map therefore induces an isomorphism on the i?2-term, 
and consequently the isomorphism between H*{Gp ^Z/p) and H*{G^'l/p) we 
had to establish. 

If H'-{Qp,Z/p) is finite for each I, the same is true for each H\Qp,A), for 
an arbitrary finite discrete Q^-module A. This means that every iSg' is finite. 
Because the spectral sequence is a first quadrant spectral sequence, the same 
is then true for the groups H''^''{QP,Z/p) the spectral sequence is converging 
to. □ 

4.24 Lemma. Let P and Q be two finite p- groups. Then the free product P *Q 
is cohomologically p-complete. In particular, 

H^{p7q^,Z/p)^H^{PP,Z/p)®H''{QP,Z/p) fork> 1. 
Proof. By Lemma 5.5] we have an exact sequence 
l^F^P^Q^PxQ^l 
where is a (finitely generated, since P and Q are finite) free group. Since 



P X Q is a finite p-group and F is cohomologically p-complete by Example 4.6 



Proposition 4.13 implies that P * Q is cohomologically p-complete, as well. 

Since H^{P *Q,Z/p) = H^{P,Z/p) ® H^{Q,Z/p>) for fc > 1, the corre- 
sponding statement for the pro-p completions follows from cohomological p- 
completeness. □ 

We note the following proposition for later reference in Section ||. 

4.25 Proposition. Let Gi and G2 be two discrete groups. Set G :— Gi * G2. 

The inclusions Gk ^ G induce an isomorphism 

H''{GP,Z/p) ^ H''{GP,Z/p)®H''{GP,Z/p) fork>l. (4.26) 



In particular, Gi and G2 both are cohomologically p-complete if and only if the 
same is true for G. 
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Proof. The completion is the inverse limit of the inverse system of all quo- 
tients G/U where [/ is a normal subgroup of G of finite p-power index. Set 
Ui :=GinC/and[/2 GaPJ/. We get a projection (Gi/C/i) * (G2/C/2) ^G/U. 
On the other hand, (Gi/Ui) * {G2/U2) is a quotient of G, so every finite j?-group 
quotient of (Gi/C/i)*(G2/C/2) is a finite p-group quotient of G. It follows that we 
can view the inverse system which defines G^ as the inverse system (over U) of 
the inverse systems which define the pro-p completion Xu of (Gi/f/i)* (G2/C/2). 
The Galois cohomology of G^ by definition is the direct limit of the correspond- 
ing direct system of cohomology groups. With our reinterpretation, for fc > 1, 

H''{GP,Z/p) = \im H''{Xu,Z/p) 

G/U 

= lim H^{Gi/Ui,'L/p) e H''{G2/U2,Z/p). 

G/U 

For the last equality, we use Lemma 

We take the limit along the system of finite p-group quotients of G. It 
remains to check for each pair of normal subgroups Ui < Gi and U2 < G2 
of p-power index that there is a corresponding normal subgroup U of G with 
GifMI = Ui and G2 n [/ = C/2. But for such Ui and U2, the kernel U of the 
projection G ^ (Gi/Ui) x {G2/U2) fulfills Gi n f7 = C/i and G2 n = ;72. 
Therefore the limit along the system of finite p-group quotients of G is the same 
as the limit along the system induced from the finite p-group quotients of Gi 
and of G2 , and consequently for /c > 1 

i^'=(G^Z/p) - lim H\Gi/Ui,I./p)®hHG2/U2,^/p) 

G/U 

^ H''{GP,I./p) ® H''{GlZ/p). 
We get a commutative diagram 

H''{GP,Z/p) > H^'iGP^ZIp) ® H^{Gl,-L/p) 

H''{G,Z/p) > i/'=(Gi,Z/p)®H'=(G2,Z/p) 

where the horizontal arrows are induced from the inclusions of the factors Gi 
and G2 in G, and, for fc > 1, both are isomorphisms (this is a classical fact in 
the discrete case, and we just checked it for the pro-p completions). Therefore, 
ak is an isomorphism if and only if (3k is an isomorphism. Since, by definition, 
ao and /3o always are isomorphisms, G is cohomologically p-complete if and only 
if Gi and G2 both are cohomologically p-complete. □ 

The following theorem is the technical heart of our program to find torsion- 
free quotients of our torsion-free finite extension, and for more general finite 
extensions to find quotients with as little torsion as possible. 

4.27 Theorem. Assume that we have an exact sequence 

l^H^G^Q^l, 

where Q is a finite p- group and H is cohomologically p- complete and has a finite 
classifying space BH . Assume that the induced exact sequence 

l^RP^GP^Q-^l 
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splits. Then the original sequence also splits, in particular we have an embedding 

The idea of the proof is that the sphtting of the pro-p completions induces a 
spHtting of cohomology. But the cohomology for the completions and the origi- 
nal groups coincide (since we assume that H is cohomologically p-complete) , so 
that the original map splits after taking cohomology. With a spectral sequence 
argument, the same follows on the level of stable cohomotopy, and this induces 
the splitting on the group level. 

To make this precise, some preparation is necessary. 

The next theorem with proof was communicated to us by Alejandro Adem. 
We thank him for his very prompt and kind answer to our questions. 

4.28 Theorem. (Adem) Let H denote a discrete group of finite cohomological 
dimension. Suppose that we are given an extension 

where Q is a finite p-group. For a space Y, let Trg{Y) denote its degree zero 
reduced stable cohomotopy group. 

The extension above splits if and only if the epimorphism f : G ^ Q induces 
an injection f* : Trg{BQ) — > Trg(BG). 

Proof. Clearly, if the extension splits, then the map induced on reduced stable 
cohomotopy is injective. Now let us assume that this map is injective. Then 
the map /* induced in unreduced cohomotopy is also injective, since we only 
add the summand id: T^gipt) — > 7r^(pt). 

By a construction due to Serre Theorem 3.1 and following exercise] we 
can find a finite dimensional CW-complex X with an action of G and such that 
BG ~ X/H Xq EQ. In particular, we can identify the map /* with the map 
induced in stable cohomotopy by the fibration X/H Xq EQ BQ. 

The main result in psf implies that, if /* is injective, then the action of Q 
on X/H has a fixed point. In particular, the fibration above has a section and 
hence the group extension must split. □ 



We want to apply this result to the extension given in Theorem 4.27. As 
an intermediate step we use stable cohomotopy of the pro-p completions and 
localization of these cohomotopy groups at the prime p. 



4.3 Finiteness conditions for classifying spaces 

At several points, we will have to assume finiteness conditions on the classifying 
spaces. We collect a few results about this here. Since we are only interested in 
(co)homology, we can do all of our constructions up to homotopy. 

4.29 Definition. A CW-complex is called finite, if it consists of finitely many 
cells. It is called of finite type, if each finite dimensional subcomplex is finite. 

4.30 Lemma. If F ^ E B is a fibration such that F and B are homotopy 
equivalent to CW- complexes of finite type then the same is true for E. 

Let l—fH—^G^P^l be an exact sequence of groups, where BH and 
BP are CW-complexes of finite type. Then the same is true for BG. 
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Proof. The first statement follows from |3^, 1.3 and 1.8], and also from 
Chapter 14]. An explicit account can be found in 2.2.1]. 

Then apply this to the fibration BH ^ BG ^ BP. □ 



4.4 Generalized Galois cohomology of profinite groups 

4.31 Definition. Assume that h* is a generalized cohomology theory and is 
a profinite group. We set 

:= dirlim h*{£ilN) 

\Q/N\<oo 

where h*{£}/N) := h*{B[£l/N]) is the cohomology of the classifying space of 
the finite quotient £}/N. 



Filtration by skeleta 

Let AT be a CW-complex and h* an arbitrary generalized cohomology theory. Let 
A° C Ai C • • • C A be the filtration of A by its skeleta. Let i^^ (A) for fc G N 
be the kernel of the induced map h*{X) /i*(A('=)). Set F^{X) h''{X). 
This way, we get a filtration 

h*iX)^F*iX)DF*{X)D---D{0}. 

If A is finite dimensional then this stabilizes after finitely many steps. More 
precisely, J^dimx(^) = {0}, since X^^™^ = X. If X is not finite dimen- 
sional the sequence does not necessarily stabilize. It is not even clear whether 
Pl^gpj i^jl'(A) — {0}. We will later study conditions under which the last asser- 
tion is true. 

Note, however, that every continuous map (being homotopic to a cellular 
map) induces maps which preserve these filtrations. In particular, by passing 
to direct limits, we get, for a profinite group 13, a filtration 

h*{i2)^F*{Q)DF*{£l) D ■•■ . 



4.32 Lemma. Definition ^.31 defines a functor from the category of profinite 
groups to filtered graded abelian groups. In particular, a split projection G — > Q 
induces a split injection h*{0.) — > h*{G). It also induces split injections of 
the filtration spaces F^{0.) Fi^{G) and of the quotients Fj* {L}) / F^ {£}) 
Ft{G)/Fl{G) tfl<k. 

If for a prime number p the group O. is the pro-p completion of a discrete 
group G, then the inclusion induces a map h*{i}) — > h*{G). 

Proof. A map between profinite groups is the same as a map between the inverse 
system of finite quotients, giving maps between the direct systems of cohomology 
groups. This is functorial. Because of the splitting, we can also pass to the 
quotients Fi/Fk. 

The last statement, about the pro-p completion, follows because we get 
a consistent system of maps to all the finite quotients of 0, which induce a 
corresponding map from the direct system of cohomology groups to h*{G). □ 



22 



Peter Linnell and Thomas Schick 



4.5 Localization 

We collect a few well known results about localization in the following propo- 
sition (compare e.g. Chapter 15.4] and p. 67 in II.2.4]), which we are 
going to use later. 

4.33 Proposition. Let p be a prime number and Z(p) :— {a/b G Q \ p \ b} the 
localization ofZ, at p. For an arbitrary abelian group M, Mf^p-^ :— M ®x^(p) is 
the localization of M at p. Then 

• Localization at p is an exact functor. 

• The kernel of the map M —>■ M(^p^ : m ^ m (E) 1 consists of those elements 
in M which are of finite order not divisible by p. In particular, if M is a 
torsion module, this map is the projection onto the p-primary component 
ofM. 

• Localization commutes with tensor products. 

• Localization commutes with direct limits. 

4.6 Spectral sequences 

A (cohomological) spectral sequence {E^'*) consists of abelian groups 

£;;^* for r > 2, s,teZ 
with homoniorphisms, the so called differentials, 

: E'/ ^ £;;+''-*-''+\ which satisfy dp' o d^r''-'+'-^ = 0, 
and with isomorphisms 

ker(d^'*)/im(dr'''*+'^^^) ^ for r > 2, s,t£Z. 

In other words, each page E*-* {r > 2) consists of chain complexes, and E*';^^ 
is obtained as the cohomology of {E*'* ,d*'*). 

A map of spectral sequences /* '* : Et'* — > '* consists of homomorphisms 
: E^''^ — > F*'* which are compatible with the differentials dt'* and the iso- 
morphisms 

If E2* = whenever s < 0, then for all r > 2 we have = if 

s < 0. Consequently, for r > s the domain of df.^"^'*^^"^ is zero and hence 
im((if.^'''*+''^^) = and therefore 

Epl^ = ker(d^'*) C E'/ for r > s. 

In this case, we define E^ := nr->s -^r'*- 

We denote a spectral sequence (i?*'*) a, fourth quadrant spectral sequence, if 
E2'* = for s < or i > 0. Note that for a fourth quadrant spectral sequence, 
E^ is defined for all s,t E Z. 

Let hP ^ F^ D Ff D F^ D ■■ ■ be a collection of graded groups, p e Z. We 
say a spectral sequence {Ft'*) for which E^ is defined (e.g. a fourth quadrant 
spectral sequence) converges to h*, if 

^ ps+t^ps+t fQj. s^teZ. 

If FJ^ = for fc sufficiently large, this determines (up to extension problems) 
hP. This is not necessarily the case if only PlfceN-^fe ~ 
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4.34 Lemma. Assume that Ep^ is a fourth quadrant spectral sequence converg- 
ing to the graded groups h^^'^ — Hq'^* D H'[^* D ■ ■ ■ . Let V be a property of 
abelian groups which is preserved under passage to subgroups, quotient groups, 
and under extensions (i.e. if in an exact sequence 1 ^ U G ^ Q ^ 1 the 
groups U and Q have property V , then also G has property V). Examples of 
such properties are the property of being a finite group and the property of being 
a p- group (p a prime number). 

(1) If, for some s,t ^1, £'2 * ^o,^ property V , then E^ also has property V. 

(2) If s,t £ Ij with s + t = n implies that E^'* has property V, then /HJ} 
has property V for every A; G N. 

(3) If, in addition, for the given n G Z there is some fc G N such that HJ} — 0, 
then ft," has property V . 

(4) Assume that F^'* is another fourth quadrant spectral sequence converging 
to the graded group g^^* = Cq^* D GJ^* D • ■ • . Assume that we have a 
map of spectral sequences fp* : Ep*- F^'* such that : Ep^ —>■ F^* is 
injective for every s,t £ Z. Suppose, moreover, that this map is compatible 
with a corresponding map of graded groups h* g* . Then this induces 
injective maps 

h'^/HJ! ^ g'^/Gl for allken, ne Z. 

Proof. First observe that by induction on r every Ep* — as a sub-quotient of 
Ep\ — has property V, and the same then is also true for Ep^ C Ep*. Using 
the extensions 

1 -> W+'/HlXl ^ h'+^HlXl ^ h'+'/HI+* ^ 1, (4.35) 

and the isomorphism HI~^*/H^Xi — it foUows by induction that h'^^^/Hp^^ 
has property V for every fc G N. If = 0, then = h''+*/H^+\ so that 

under this assumption also has property V. 

Given a map between short exact sequences of abelian groups 

> Ai > A2 > A3 > 



/i 



/2 /3 



1' 



> Bi > B2 > B-s > 0, 

an easy diagram chas e shows that /2 is injective if both fi and /a are injective. 



The injectivity in [4] of h"'/HJ! ^ 9^ IG^ follows inductively from this principle 
applied to the exact sequences ( 4.35| ) and their counterparts for g* . □ 



4.36 Lemma. Let Ep^ be a cohomological spectral sequence. 

(1) Given r, s, t, there is a finite set V{r, s,t) C Z x Z such that E^ 

mined by iSj'^ for {x, y) G V{r, s, t). More precisely, if fp^ : Ep^ Fp^ is 
a map of spectral sequences such that : -E2 — * _F^'^ is an isomorphism 
for all {x,y) G V{s,t,r), then fp*: Ep^ Fp^ is also an isomorphism. 
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(2) If we restrict to the category of fourth quadrant spectral sequences and if 
s+t < 0, then we can choose V{r, s, t) as in \( 1^ such that (x, 0) ^ V{r, s, t) 
ifx > 1. 



Proof. We prove [1] by induction. The statement is trivial for r = 2. Given r > 
2, Ep* depends only on the three groups E^Zi'^^'^'^^~'^ , ^r-i ^^'^ E^~!i'[~^'*'^^~'^ . 
By induction, each of these depends only on finite set Vi,V2,V3 C , and we 
can choose V to be the union of these. 



To prove [2], assume from now on that all spectral sequences are fourth 
quadrant spectral sequences. Define Z2 {(a;,0) | x > 1} C Z x Z and 
inductively 

Zr+i := {Zr U dr{Zr) U d-'^{Zr)) H (Z>o X Z<o) for r > 2, 

with dr{x,y) := {x + r,y — r + 1). This is the "zone of influence" of Z2: if 
{s,t) ^ Zr then E^'* does not change if only i^j'^ with {x,y) G Z2 is changed. 



To prove [2], it suffices to show that (s, t) ^ Zr ii s + t < 0. Assume that 
this last assertion is wrong and let r be minimal such that there is (s, t) G Zr 
with s + t < 0. It follows from the definition of Zr that there are sequences 

2 < ri < r2 < ■ ■ ■ < r„ and ei, . . . , e„ G {1, -1}, 

and X > 1 such that for every k = 1 , . . . , n 

{x + eiri H h etrk, (1 - ri)ei + (f - r2)e2 H 1- (1 - rk)ek) G ^r^+i, 

and 

(s, i) = (x + eiri H h e„r„, (1 - ri)ei + (f - r2)e2 H 1- (1 - 7'n)en)- 

Let ii < i2 < • • • be the ordered sequence of indices with e,,, — I, ji < j2 < ■ • • 
similarly with ej^. — —1. The inequality s + f < translates to 

eiH he„<-x<0. (4.37) 

On the other hand, since we consider spectral sequences which are zero in the 
upper half-plane and define Zr accordingly, 

(l-ri)eiH h(f-rfe)efe<0 for every fc = 1, n. (4.38) 

This implies that ei — 1, i.e. ii = 1 and, using monotonicity of the r^, that 62 — 
1, i.e. 12 = 1 and, inductively, that ik+i < jk for k = 1 ,2,.. . . Consequently, 



less than half of the ei, €2, . . . , are negat ive. But then ( 4.37 ) is violated. This 



gives the desired contradiction and proves [2], □ 



Proof of Theorem 4.27 



From now on, we study the generalized homology theory "(reduced) stable co- 
homotopy" ng. Consequently, if X is a CW-complex or a discrete group or a 
profinite group, F"{X) always will denote the corresponding filtration group 
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In the situation of Theorem 4.27, we will consider the following commutative 
diagram: 



id 



4(G) 



(4(Q)/^.°(Q)) 

A' 



(p) 



4(G) 



- 4(Q)(p)/^fc(Q)(p) 

4(G'')(p)/Ffc°(G'')(rt 

- 4(G)(p)/^^.°(G)(rt. 



(4.39) 



Because of Lemma 4.32| (which immediately generalized to the pro-p com- 
pletions) all the maps denoted with i are split injective. A' is an isomorphism 
since localization is an exact functor. 

The map A is an isomorphism because of the first part of the following 
proposition: 

4.40 Proposition. Suppose Q is a finite p-group. Then the quotients 

are finite p-groups for each n,k Cz Z. Moreover, 

7fS(Q)=invlim7^S(Q)/^^,"(Q), 

k — >oo 

in particular the intersection of all the FJ}(Q) is zero for each n G Z. 

Next, we claim that the map B is injective. This follows from the following 
Theorem 4.41 because of Proposition 4.13| . Theorem 4.41 applies since by as- 
sumption BH is of finite type, so that the same is true for _BG, using Lemma 
4.30 (together with [|[ Example 3.4] for the finite quotient Q). 



4.41 Theorem. Suppose G is cohomologically p-complete and has a classifying 
space of finite type. Ifn<0, then the induced map 

S": 7fg(G'')(,)/F,"(GP)(,) ^^S(G)(,)/i^,"(G)(,) 

is injective for each k > 0. 

Given these properties of the diagram ( 4.39| ), it is easy to conclude that the 
induced map TTg{Q) ^ 4(G) is injective: 

li X € 4 ('5) is mapped to zero in •7rg(G), it is also mapped to zero in each 
of the quotients 7fg(G)(p)/F°(G)(p), therefore (using injectivity of the rightmost 
column of the diagram) in each of the quotients t^%{Q) / F^{Q)- Hence, x is 
contained in {~\i^F^{Q) = {0} (where we use the second part of Proposition 
4.40), i.e. X = 0, as we had to prove. Theorem 4.27| follows now by applying 



Theorem [4.28| 

It remains to prove Proposition 4.4C| and Theorem 4.41 
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First remember: if X is a finite dimensional CW-complex, we have the 

S 



Atiyah-Hirzebruch spectral sequence ||2^, Theorem 4.2.7] converging to '7r^^*(X), 
with i?2-term i?2'*(X) = H''{X,'k^^), where 7rf := n^ipt) denotes the coeffi- 
cients of stable homotopy. 

Recall the following Proposition 5.1.1]: 

4.42 Theorem. The coefficients of stable homotopy satisfy: irf is finite for 
t > 0, ^ Z, and 7rf ^ for t < 0. 

This implies in particular that the Atiyah-Hirzebruch spectral sequence for 
stable cohomotopy is a fourth quadrant spectral sequence. 

We are going to apply this to the skeleta of our (infinite dimensional) clas- 
sifying spaces BG and BQ. First we study arbitrary finite or profinite groups. 

4.43 Proposition. Let Q be a finite group. Then we have a fourth quadrant 
Atiyah-Hirzebruch spectral sequence Ep*-{Q), converging to Tr^^^{Q), with E2- 
term 

Moreover, for fixed s,t £ Z and then k sufficiently large E^'^ does not depend 
on k (this defines E^), 

E^^ - F:+\Q)/F!+1{Q) and also n^siQ) = invlim^g(Q)/F,"(g). 

fc — >oo 

If O. is a profinite group then we have a fourth quadrant Atiyah-Hirzebruch 
spectral sequence Ep*{Q) with E2-term 

E^'\£1)^H^{£},7T^_,). 

If, in addition, H^{'Ll^'L/n) is finite for every k G No, n G N (with trivial action 
of Q on Z/n), then for each fixed s,t £ Z, with t ^ and for k sufficiently large 
E^'* does not depend on k, and we have injections of finite abelian groups 

F!+' (0)/F/+* (0) i?^* (0) fors + t<0. 

Proof. If Q is finite, then the existence of the spectral sequence with the given 
i?2-term is standard (compare the remark before |2|, Theorem 4.2.7]). The issue 
is convergence. 

Since Q is finite, i?'*((5, tt^J is a torsion group 0, Corollary 10.2]. Since 7rf 
is finitely generated (Theorem 4.42| ) and BQ is of finite type Example 3.4], 



H'^{Q,7T^f.) is a finitely generated torsion group and therefore finite for every 
s,t G Z. Since E'l'*{Q) is a sub-quotient of E^'^^{Q), for each s,t e Z these 
groups eventually become constant. 

We also have the corresponding Atiyah-Hirzebruch spectral sequences for 
the finite skeleta BQ^"\ and these converge in the usual sense |28[ Theorem 
4.2.7]. Now 7?^(BQM,7r^t) = for s > n because BQ(") is n-dimensional, and 
H'{Q,TT^t) = i?^(BQ("),7r:5j foj. ^ ^ gj^^g ^Q(n) ^ g^^j^g CW-complex, 

implies immediately that H'^ {BQ^^\ tt^J is finite whenever t ^Q. 



Theorem 4.42 



Consequently, E^'^BQ^"^) and by Lemma |^ £'^*(BQ(")) are finite except 
possibly for (s,t) = (ri,0), and are zero for s > n. 

By Lemma KM ^r^+* (BQ(") ) is finite for s-\-t^n, and is zero for s -\-t > n. 
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Observe that BQ = dirlim„^oo BQ^'^\ However, cohomotopy, as a cohomol- 
ogy theory, is in general not compatible with such limits. By [ p2| . Proposition 
7.66 and Remark 1 on p. 132] our finiteness results imply that here the Mittag- 
LcfHcr condition is fulfilled and therefore 

TT*s{Q) =invlim^f5(BQ("'). 

n — >oo 

Observe that we can replace Tr*g{BQ^"^) by the image of TTgiQ) in Trg{BQ^"'>) 
without changing the inverse limit (an obvious general fact about inverse limits), 
and this image of course is isomorphic to TT*g{Q) / F*{Q) (since F*{Q) is the 
kernel of the corresponding projection map). Therefore 

7rS(g) = invlim^rJ(g)/F„*(Q). 

n— i-oo 

Next observe that by definition we have (for n < N) the exact sequences 
> F*{Q) > n*s{Q) > mBQ(^^^) 

> F*{BQ^^^) > mBQ^^^) > if5(BQ(")). 

By commutativity, the images of Tr*g{Q) and of T:*g{BQ^^^) in TT*g{BQ^^^) coin- 
cide. Now take the inverse limit of the second line for N ^ oo. The right-most 
term is constant and the middle term converges to the middle term in the first 
line. Since inverse limit is left exact B3, Proposition 7.63], 



We now want to establish that for k < I 



F„*(Q)=invlimK(BQ(^')- 



F^iQ)/FnQ) = invhm i^,*(BQ("))/F,*(i?Q(")) . (4.44) 

n — >oo \ / 

By the limit result we just obtained and by p2| , Proposition 7.63], we have the 
exact sequence 

^ F*{Q) -> F;{Q) -> invlimF*(BQ("))/^^;(BQ(")) ^ lim \F*{BQ^"^)). 

n—>-OG n— *oc 

For s < n, i^|(BQ(")) is a sub-quotient of the cohomotopy group 'Kg{BQ''^^>). 
We proved above that the latter one is finite. Therefore F^{BQ^'^^) is finite for 
n > s. Now 1 52, Remark 1 on p. 132] implies that the lim^'^-term is zero, hence 



(4.44) follows. 



Last observe that for n> s 

E'/ (Q) ^ H%Q, 7r^_,) ^ H%BQ("\n^_,) = E^/{BQ^-'>), (4.45) 

since the inclusion BQ'^^^ — > BQ is an n-connected map. 

Fix now s,t (^Z. Since E2*{Q) is finite, there is rg > s (depending on s,t) 



such that Ep''^{Q) = E^{Q) for every r > ro. By Lemma l.3t and Equation 



( 4.45 ) there exists no > such that 

E'^HQ) = E'^HBQ("^) foraU n>no. 
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Note that uq depends on ro,s,i, and a priori, hq might become bigger if we 
choose a larger rp. But, since vq > s, we have for each n > hq a, commutative 
diagram 

E^JiQ) = EpHQ) 



Note that (3 is injective since tq > s. Since /3 o a is an isomorphism, /3 is an 
isomorphism, and the same then is true for a, i.e. aU groups E^{Q), Ep^{Q), 
Ep^{Q), Ep\BQ("'>), E^\BQ'^'''>) are identified, as long as r > ro and n > uq. 
In particular, we can write 

Ep^iQ) = invlimi;^'*(BQ(")) 2 < r < oo; s,i e Z, (4.46) 

n — 'OO 

since for fixed s,t,r (including r = oo) the sequence of groups on the right 
stabilizes. Since is a finite CW-complex, F^+\BQ^"^)/F^+l{BQ^"^) ^ 



E'J{BQ''">). By (H.44| ) and (|4.46| ), both E'J{Q) and F^+\Q)/ F^+*{Q) coincide 



with the same group invlim„^ooi^Si*(BQ(")), proving that they are equal as 
asserted. 

If Q is profinite, we define the E'r-term of the Atiyah-Hirzebruch spectral 
sequence for 2 < r < oo to be the direct limit of the spectral sequences for its 
finite quotients {Qi}- This makes sense since the direct limit functor is exact, 
and because of the naturality of the Atiyah-Hirzebruch spectral sequence. Since 



this spectral sequence is concentrated in the fourth quadrant, by Lemma 4.36 



Ep*{£l) C Ep\£l) for r > s. In particular, E'J{£l) = limr^oo Ep*{£l) makes 
sense, and, moreover, E^*{Q) = Cl^^s £'^'*(0). 

Let Qi be the system of finite quotients of 13. Note that inverse limits and 
direct limits do not necessarily commute. This means here that the direct limit 
of Ef^{Qi) — C\r>s^r'*iQi) ueccssarily iJ^*(0). Exactness of direct 

limits implies however, using the results about finite groups proved above, that 

dirlimi?i,*(g,) = (dirlimi^r*(g,)) / (dirlimi^,^+*(Q,;)) = F!+\il) / F!+l{Q) . 

Assume now that iJ'"'(0,Z/n) is a finite group for each k G Nq, n G N. Since 
these finite groups are the direct hmits of the cohomology groups of the Qi, this 
implies that, for fixed n, H^{Qi,Z/n) — > H^{Q-,'Z/n) is an isomorphism for all 
sufficiently large i. 

Fix now s,i G Z with t 0. Observe that Ep*{£l) is a sub-quotient 



of -ff''(0, 7r„j) and therefore, since i 7^ 0, is finite by Theorem 4.42 and our 
finiteness assumption. Consequently, there is some R = R{s, t) > s such that 
Ep\Q) = E^j^^Q) for r > R. We require now additionally that s + t <0. Fol- 
lowing Lemma |l.36| , choose a finite set V such that {i?2'^(0) | {x, y) G V} 
determines £'^' (0). Since s + 1 < and all our spectral sequences are concen- 
trated in the fourth quadrant, we can assume that (x, 0) ^ if a; > 0. By the 
above remark, if i is sufficiently large (depending on s, t, R) 

El\Q,) = H'^{Q.,n%) ^ i/^(0,7r^,) = El^iQ) 

is an isomorphism for all (x, y) G V . Since ttq = Z and we did only make an 
assumption about cohomology with finite coefficients, we carefully have to avoid 
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y — 0, except that = 0, so x = = y is permitted. The choice of V impHes 
that for these sufficiently large i also E'^*{Qi) — > is an isomorphism. 

We picked R > hence E^^*{Qi) C E]^\Qi) = E^^\£l). Passage to the limit 
gives 

dirlimi?^*(Q,) = F!+\£1)/F:+1{£1) C □ 



Observe that we now essentially have proved Proposition \LAi . It only re- 



mains to remark that if Q is a finite p-group then H*{Q, A) is a finite (abelian) 
p-group for arbitrary finitely generated coefficients (compare [|l|, Corollary 5.4]). 



By Lemma 4.34, T^siQ)/ FkiQ) is a finite (abelian) p-group for each fc e Nq and 
s G Z. 

We now study an infinite group G. 

4.47 Proposition. Assume that G is a discrete group with classifying space 

BG of finite type. Then we have a fourth quadrant Atiyah- Hirzebruch spectral 

s 
-t 

The following partial convergence results are true: for each fixed s,t £ Z 

k 



sequence Ep*{G) for stable cohomotopy with E^ (G) H''{G,t:_^j. 

"esults are true: for each 
with t ^ or for s = = t eventually E'^'^ becomes constant (this defines E^); 



and if s + t < then 

Et^\G) = F!+\G)/F:+liG) and np-\G) = invlim^^+*(G)/F,^+*(G). 



Proof. We can apply all arguments of the proof of Proposition 4.43. When using 
finiteness conditions of cohomology, we have to be careful to avoid (for s > 0) 
iJ"(G,7r^) = H^G^Z), and H%G^"\Tr^) = iJ"(G("),Z) which were finite (if 
s < n) with G replaced by the finite group Q, but are not necessarily finite here. 
But one checks immediately that the arguments go through for the range of s 
and t stated in the proposition. □ 

4.48 Corollary. Fix a prime number p. Assume that G is a discrete group with 
classifying space BG of finite type. Then we have a fourth quadrant localized 
Atiyah- Hirzebruch spectral sequence Ep*{G)p with i?2'*(G)p ~ iJ*(G, 7r;^()(p) . 
For t this computes as 

E^,''{G)p^H%G,{7:'^t)ip)). (4.49) 

The following partial convergence results are true: for each fixed s,t £ Z 
with t ^ or for s — — t, if k is sufficiently large then E'^'^{G)p becomes 
independent of k (this defines E^{G)p). If s ~\-t <0, then 

E^(^{G)p = F!+\G\,^/F!+l{G\py 

If G is finite, the last two statements are true for arbitrary s,t £7^. 

If Q is a profinite group, then we have a fourth quadrant localized Atiyah- 
Hirzebruch spectral sequence Ep*{£l)p with £'2'*(0)p = H'^ {Q,TT^^)(^py 

Assume in addition that iJ*''(l3, Z/p) is finite for every p and k. For t 0, 
we then have 

i?2^'*(0)p = iI^(O,(^^J(,)), (4.50) 

and the following convergence results are true: for each fixed s,t £ Z, with t =^ 
or for s = = t and for k sufficiently large E^'*{Q)p becomes independent of k 
(this defines E^(£l)p); and if s -\-t <0 then we get an injection 

f/+*(0)(,)/f;+*(Q)(,) ^ i?i*(i2)p. 
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Proof. All the localized spectral sequences are constructed by localizing the 
spectral sequences obtained in Proposition 4.47 or Proposition 4.43 at p. Ob- 



serve that this construction produces spectral sequences since localization is an 
exact functor. 



For the computation of £'2-ternis (4.49) and (4.50), note that is the 



(finite) direct sum of the g-primary components for all primes q, ii t < 0. Ac- 
cordingly, H^{G, TT^t) splits as a direct sum, and the g-primary part of Tr;^^ gives 
rise to the q-primary part of the cohomology group. Since for abelian torsion 
groups localization at p is just projection to the p-primary part, H^{G^ Tr^t)(p) = 
H^{G, (7r;^j)(p)). The same argument applies in the profinite case. 

If is a profinite group with H'^{£l,'Z/p) finite for every k G No, then 



because of Lemma 4/7 and the statement we have just proved, H'^{Q, 7r_j)(p') 



i7"(0, (7r^f)(p)) is finite for t ^ 0. 



The remaining assertions follow now easily from Proposition 4.47 or Propo- 



sition 4.43, using again the fact that localization is an exact functor. 

A priori, one has to be careful with any statement about the i?oo-terms, 
because E^{G) is defined as the inverse limit of the Ep'^{G), and localization 
does not in general commute with inverse limits. However, here every sequence 
defining the inverse hmits stabilizes (before localization), i.e. Ef^[G) — Ep^{G) 
for r sufficiently large. The same then is true after localization. This implies 
E^{G)p = {E^*{G))( an d, consequently, the statements for (£'oo)p follow 
also from Propositions [4.47 and 4.43 and exactness of the localization functor. 

The arguments given so far apply identically to a profinite group 0. □ 

4-51 Remark. Note that localization does not in general commute with inverse 
limits. Hence we can't conclude that 7r|(G')(p) = invhmfc^oo ^si^)ip)/-^ki^)(p) 
for any s G Z. However, we will see that the spectral sequence determines 
enough of the groups 7r|(G')(p)/F|(G')(p). 

Observe that all the spectral sequences we have constructed are natural 
with respect to group homomorphisms. In particular, the map to the pro-p 
completion c : G — > G^ induces a map of localized spectral sequences 

Ep*{c):Ep'{GP)p^E'/iG)p. 



If BG is of finite type and G is cohomologically p-complete. Corollary 4.48 
implies that the induced map on the i?2-pages is for t < 

H^iG^A^'-M^H^G, (7r^,)(rt). 



Because of cohomological p-completeness and Lemma 4/7 this map is an iso- 
morphism for t < OT (trivially) for s = = t. If t = the coefficients are not 
finite so that this can not be extended to other values of s and t. Using Lemma 
4.36 , c therefore induces isomorphi sms o n Ep* in particular for s + 1 < 0. By 
the convergence result of Corollary 4.48 , the map hence induces injections 



E: 



fc-l,s-fc+l 



(GP) 



- E^^'''^^^^{G)p = F^_-^^{G)(p)/F^{G)(p). 
As in the proof of Lemma [4.34 g^t injections 

^%{c)k:^%{Gnip)/F^{Gnip) i^%{G\p)/F^{G\p) for all k > 0. 



This proves Theorem 4.41 and hence concludes the proof of Theorem 4.27. □ 
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4.7 Splitting of short exact sequences 

We now give a condition on an extension l^i/^G^Q— >lasin Theorem 
4.27 which inipHes the sphtting of the induced projection — > Q. 

4.52 Lemma. Let Q be a finite p-group in the exact sequence 

l^H^G^Q^l. 

Assume that, among all normal subgroups of G of p-power index, there is a 
cofinal system Ui <\G with Ui C H , such that for each i the homomorphism tt^ 
in 

G ^ G/U, ^ g 

has a split Si: Q G/Ui. Then the pro-p completion : G^ -» Q has a split 
s: Q'-^GP, too. 

Proof. For each of the finitely many q € Q choose x{q^ i) G G with 

Pi{x{q,i)) = Si{q) G G/Ui. 

Choose a cofinal subsequence such that for every q G Q the images of x{q^ i) 
in the compact group & converge to an element x(q) E G^ (limit over i). We 
claim that the map 

s:Q~*GP:q^x{q) 

is a split of ttP. Since tt^ opj(x(g, i)) = q E Q, by continuity also TTP{x{q)) = q. It 
remains to check that s is a group homomorphism. Observe that for qi, 92 G Q 

s{qiq2^)s{q2)s{qiy^ ^ ]iT[\x{qiq2^ ,i)x{q2,i)x{qi,iy^ . 

The topology of G^ and the fact that 

Pt{x{qiq2^ ,i)x(q2,i)x[qi,iY'^) = Si{qiq2^)si{q2)si{qiy^ = 1 G G/Ui 
implies that this limit is 1, i.e. s indeed is a homomorphism. □ 



4.8 Enough torsion-free quotients 

In this subsection we establish conditions which guarantee that we can factorize 
a projection onto a finite p-group through a torsion-free elementary amenable 
quotient. This is another key ingredient in our strategy to prove the Atiyah 
conjecture for extensions. 

4.53 Definition. Let G be a discrete group. We define Ag to be the set of 

all normal subgroups U < G such that G/U is torsion- free and elementary 
amenable. G is said to have enough torsion-free quotients if each normal sub- 
group W <iG, with G/W a finite p-group for some prime number p, contains a 
subgroup Uw G Ag, i-e. we have a factorization 

G -» G/Uw -» G/W 

with G/Uw torsion- free elementary amenable. 

A subset A'q of Ag is called exhaustive, if [/, F G A'q implies U CiV £ A'q, 
if for every n G N there is Un G A'q such that J7„ < 7n(G), and if, in addition, 
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each W as above contains all but finitely many of the U £ A'q. In particular, 
all the Uw can be chosen to belong to A'q. 

We say that G has enough nilpotent torsion-free quotients if we can choose an 
exhaustive set A'q such that, if ?7 e A'q, then [/ is a characteristic subgroup of G 
and G/U is nilpotent. Analogously, we define enough solvable torsion-free quo- 
tients and enough solvable-by-finite torsion-free quotients. The corresponding 
A'q then is called nilpotent exhaustive, solvable exhaustive, or solvable-by-finite 
exhaustive, respectively. 

4.54 Lemma. Suppose G is a finitely generated group. Let X be a set of normal 
subgroups of G with torsion-free elementary amenable quotients, and such that 
whenever N <\ G and G/N is a finite p- group we can find U £ X with U < N . 
Assume that U,V £ X implies U HV £ X . 

Then there is a nested sequence Ui > U2 > U3 > ■ ■ ■ with Uk < Jk{G) for 
every k £ N and such that for every finite p- group quotient G/N there is 
with Ukt^ < N . Every Uk is an intersection Uk — Vk H Nk with Vk £ X and 
G/Nk torsion-free nilpotent. 

In particular, if G has enough torsion-free quotients, an exhaustive subset as 



in Definition ^.5S exists 



Proof. Define for a prime number p the subgroup Gp^„ to be the intersection of 
the kernels of all projections to p-groups which have order dividing p". Since 



G is finitely generated, there are only finitely many of these. By Lemma 4.11 
G/Gp^n is a finite p-group. 

By assumption, for each Gp^n we find Up^n £ X which is contained in Gp^n- 
For n £N define to be the intersection of all Up^k with p < n and k < n. 

For n £ N we now want to replace the subgroup we just constructed 
by Un such that Un < 7n(G). Since G/jn{G) is nilpotent, the set Kn of ele- 
ments of finite order in G/^n(G) is a characteristic subgroup and the quotient 
(G /^n{G)) / Kn is torsion-free Theorem 2.22]. Let if„ be the kernel of 
the projection G {G /^n{G)) / Kn. By ||l^. Theorem 2.1] for each element 
1 ^ g £ Kn we find a finite p-group Qg {p depending on g) and a projection 
G/^n{G) Qg such that g is not mapped to 1. For each such g choose rig G N 
such that we get a factorization G ^ ^ Qg. Set 



K := K n fl fl and Un K n i/„. 

\k<ng£Kk I 

This defines a new nested sequence of subgro ups. We have seen that G/Hn is 



torsion- free elementary amenable. By Lemma 4.11, the same is true for G/C/„. 
Fix u £ Un. Since Un C Hn, the image of u in G/^n{G) is contained in Kn. 
For 1 ^ g £ Kn, Un is mapped to 1 in each of the quotients Qg. But g is not 
mapped to 1, hence u £ ^n{G), i.e. [/„ C 7ti(G). 

It is now clear that A'q := {C/„ | n G N} is an exhaustive set. □ 

4.55 Lemma. Assume that G is a finitely generated group. 

If every projection G Q onto a finite p-group Q factors through a torsion- 
free nilpotent quotient G U Q, then G has enough nilpotent torsion-free 
quotients. In particular, this depends only on the (directed) system of nilpotent 
quotients of G, ordered by inclusion of the kernels. 
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The corresponding statement holds with "nilpotent" replaced by "solvable" 
or "solvable-by-finite" . 

Proof. Remember first that every finite p-group is nilpotent. Tliis means that 
the first condition in fact only depends on the system of nilpotent quotients. 
Let Xt f be the system of normal subgroups of G with nilpotent torsion- free 



quotients. We can apply Lemma 4.54 to obtain a nested sequence Ui > U2 > 



with Uk < 7fc(G) for every fc G N, and such that every projection to a finite 



p-group factors through G/Uk for suitable /c e N. By Lemma 4.11 , Uk G Xtf 
for every fc e N. 



Now replace Uk by Vk := flasAutCG) <^{Uk)- Because of Lemma |4.1l| , Vk G 
Xtf for every /c G N, and these subgroups are characteristic. 

The proof for enough solvable or solvable-by-finite torsion-free quotients is 
exactly the same, replacing "nilpotent" everywhere with "solvable" or "solvable- 
by-finite" , respectively. □ 

4.56 Example. If G is a discrete group such that there are infinitely many 
lower central series quotients G/7„(G) which are torsion- free, or infinitely many 
derived series quotients G/G^"^ which are torsion- free, then we can choose the 
exhaustive subset A'q to consist of the corresponding 7„ (G) or G^"^ , respectively. 
In particular, G has enough nilpotent torsion-free quotients, or enough torsion- 
free solvable quotients, respectively. 

4.57 Lemma. Assume that G is countable, has enough solvable torsion-free 
quotients and is residually torsion-free solvable. Then there is a nested sequence 
G > Ui > U2 > ■ ■ ■ of normal subgroups of G .such that 

(2) Un < 7n(G) for every n G N, 

(3) G/Un is torsion-free solvable for every n G N. 

Proof. Since G is countable and residually torsion-free solvable, there is a nested 
sequence G D Hi D H2 D • ■ • of normal subgroups such that G/Hn is torsion- 
free solvable for every n G N and such that Plnez = {I}- 

On the other hand, since G has enough solvable torsion-free quotients, by 
definition we find Vn C 7n(G) such that G/Vn is torsion-free solvable for each 
n G N. Then [/„ := _ff„ n Vn will satisfy the assertions. □ 

4.58 Definition. Let G be a group and let J7 be a subgroup of G. Then we 
set U'^ := PlgeG largest normal subgroup of G which is contained in U . 
Note that U^ r^V'^ = {U r\V)^ ior two subgroups f/, V of G. 

Let -ff be a subgroup of G containing C/ as a normal subgroup. By Lemma 



4.11 if H is normal in G and H/U is torsion-free, then so is H/U'^ . On the 
other hand, if H has finite index in G, then not more than [G : H] of the U^ 
are different. Consequently, if H/U is elementary amenable, then so is G/U'^ . 

4.9 The main result 

Now essentially everything is in place to prove the main (technical) theorem of 
this paper. We need one more lemma: 
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4.59 Lemma. Let Q be a finite p- group and letl—fH^G^Q^l 
be an exact sequence of groups. Assume that H is finitely generated and has 
enough torsion-free quotients. Specify an exhaustive family A!u of subgroups 
as in Definition ^.5^ . Fix n G N and for every U G A!fj assume that GjU'^ 



contains a finite subgroup Eij /U^ of order n. 

Then there is a subgroup Qo < Q of order n splitting back to Gq < G^ , where 
Go is defined by the exact sequence 1 ^ _ff — > Go Qa 1. 



Proof. Since H/U'^ is torsion-free, the image of Ejj /U'^ in Q has order n, too. 
In particular, it follows that n necessarily is a power of the prime number p. 
Let ajj be the (finite) collection of subgroups of Q of order n which are images 
of finite subgroups of G/U'^ , U G A'^. 

If J7, y G A'u^ then each finite subgroup of G/ {U'^HV'^) maps isomorphically 
to a finite subgroup of G/U'^ , since the kernel U'^ / (C/*^ fl V"^) of the projection 
G/{U^ 'r^V^) G/U^ is contained in the torsion-free group H/{U<^V)^, and 
similarly for G/V^. In particular, ajj flay contains ajjnv £^nd therefore is non- 
empty. Since the set of all subgroups of Q is finite, there exists Qq G Hyg^' '^u- 

In other words, Qo splits back to every G/U'^ for U G A'^j^ and hence also 
to every quotient of G/U'^ which projects onto G/H. Among these quotients 
of G/U'^ {U G A'fj) we can find a cofin al set of finite p-group quotients of Gq. 



This follows as in the proof of Lemma 4.12, since H has enough torsion- free 



quotients. By Lemma 4.52 , Qo splits back to Gq. Last observe that, by Lemma 

1^ HP -^GP^Qo^l and 1 ^ i^^ ^ G^ ^ Q ^ 1 
are exact, whence Gq is a subgroup of G^. □ 

4.60 Theorem. Let H be a discrete group with finite classifying space which has 
enough torsion-free quotients and which is cohomologically complete. Assume 
that KH fulfills the strong Atiyah conjecture (for some subfield K = K ofC). 

(1) Let 

l^H^G^Q^l 

be an exact sequence of groups, where Q is a finite group. Then KG fulfills 
the strong Atiyah conjecture. 

(2) Moreover, if G is torsi on-fr ee and A'jj is an exhaustive family of subgroups 
of H as in Definition ^.55, then we can find U G A'j^ such that G/U'^ is 



torsion-free and elementary amenable. 

4.61 Definition. Let H he a. group, K a skew field and DH a division ring 
which contains KH. We call DH Hughes free if for every subgroup U oi H and 
set of representatives X C H oi H/U the set X (considered as subset of DH) 
is linearly independent over the division closure DU of KU in DH . 



4.62 Corollary. Assume that H fulfills the assumptions of Theorem ^.6C and 

H ^G^ A^l 



is an extension with A elementary amenable. If lcm(G) < oo then KG fulfills 
the .strong Atiyah conjecture. 
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Assume that k is a domain and k* H embeds into a skew field Dh such that 
the twisted action of A on k * H extends to Dh ■ If G is torsion- free and H has 
enough solvable-by-finite torsion-free quotients, then k * G embeds into a skew 
field. 

If we only require H to have enough torsion-free quotients (not necessarily 
solvable-by-finite) , but assume that Dh is Hughes free, then k * G embeds also 
into a skew field. 



Proof of C orollary ^.6i . It is a direct consequence of Proposition 2.6 and The- 
orem 4.60 that KG fulfills the strong Atiyah conjecture. 

For the statement about k * G, given a finite subgroup E/H of G/H we 
attempt to construct a suitable skew field extension De of Dh such that Dh * 
[E/H] embeds into De. The result then follows from Lemma 

Observe that H is finitely generated (since it has finite classifying space) 



and hence by Lemma 4.5E an exhaustive family A'h exists. Using Theorem 4.60 
with E instead of G, choose U € A'h such that E/U^ is torsion-free. In view 
of Lemma 4.1l| , E/U is elementary amenable 



Let D[j be the division closure of fc * in Dh- This is a skew field. The 
action of E by conjugation on Dh * [E/H] maps k * to itself and therefore 
maps the division closure Djj to itself. Consequently, we can form Djj * [E/U] 
and Du*[H /U] . Since H/U and E/U are both torsion-free elementary amenable 
groups, and Djj is a skew field, by Lemma |2.5| Djj * [E/U] is an Ore domain 
with an Ore localization (of course a skew field) which we denote Du,e- It has 
a sub-skew field Du^h which is the division closure of D(j * [H/U], and of course 
at the same time is the Ore localization of this ring. 

If Dh is Hughes free, then any set of representatives for H/U in Dh is by 
definition linearly independent over Du. This implies that Djj.h is equal to 
Dh, therefore Dh * [E/H] is a domain, since Du^h * [E/H] embeds into De- 

However, we don't see a reason why Djj should be equal to Djj^h in general. 
Assume now that H has enough solvable-by-finite torsion-free quotients and 



choose A'h to be solvable-by-finite exhaustive. In view of Lemma 4.11 , and by 
replacing U G A'h by U'^ we may assume that each U S A'h i^ normal in G. 
Then we replace Dh by a skew field built out of the (possibly many different) 

Du,H- 

Using a non-trivial ultra-filter F for the set A'h (i-c. an ultrafilter which 
contains all subsets with finite complement), we form a new skew field D'fj. 
Following §2.6] it consists of classes of all sequences {du)ueA'g with du S 
Du,H (constructed as above), and 

{du)ueA'jj = {du)ueA'„ 

if and only if there is some F S F such that du — d'^ for all U ^ F. We embed 
k * H in D'Ij via the map x i— > {x,x, . . .) and let D'j^ be the division closure 
of k * H in D'^. In a similar manner we construct D'^ using Du,e instead of 
Du,H- This skew field contains D'^j. We should remark that a finite number of 
the Du,E not being a division ring (or not even being defined) does not affect 
D'^ being a division ring; in fact any finite number of the Du,e does not affect 
the isomorphism class of D'^. Our assumptions on A'h assure that E/U is 
torsion- free for all but finitely many of the U G A'h- 

Since U is normal in G, the twisted action of G/H on k*H induces a twisted 
action on each Du^h, hence on D'^ and consequently on D'^j. It follows that we 
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may form the crossed product * [G/H]. 

Next we show that for each finite subgroup E/H of G/H, the identity map 
on fc * _E extends to a monomorphism from D'j^ *[E/H] to D'^. We can describe 
k * E as the free fc-module with basis {e | e G E} and multipHcation satisfying 
6162 = A(ei, 62)6162 for some map X: E x E ^ k\0. Let {xi, . . . ,Xn} C E he a 
set of coset representatives for H and write XiXj — hijXK^i j^ where hij £ H and 
G {1, • ■ • ,n}. Then Z)^ * [E/H] is the ring which is a free D^-module 
with basis {xi, . . .x^i}, and muhiphcation satisfying XiXj — \{xi,Xj)hijXy~~/^. 
Now define 9: D'^* [E/H] D'^ hy 



0(^diXi) = y^^djXj. 

i=l i=l 

A routine check shows that is a ring homomorphism. Also it is easy to see 
that {xi, . . . , a^} is hnearly independent over D'j^ and it foUows that is a 
monomorphism . 

We deduce from the previous paragraph that D'^j * [E/H] is a domain for 



aU finite subgroups E/H of G/H. The resuh now foUows by Lemma 2.5. □ 



^.63 Remark. Natural constructions of a skew field extension Dh usually are 
Hughes free. 

All examples of groups with finite classifying space known to us with enough 
torsion-free quotients actually have enough solvable-by-finite torsion-free quo- 
tients. 



Consequently, the corresponding assumptions in Corollary 4.62 
restriction of generality. 



are no serious 



Proof of Theorem ^.6(\ (1) For a prime number p and a p-Sylow subgroup S of 
Q, let Gs < G be its inverse image in G. By Lemma 2.4 it suffices to establish 
the statement for every KGs- To do this, we produce a subgroup U of H, 
normal in Gs, such that Gs/U is elementary amenable, H/U is torsion-free 
and we have the divisibility relation lcm(Gs/C/) | lcm(Gs). 

Since H has a finite classifying space, it is torsion-free. Hence by Propo- 
sition 4 and Lemma 3] it and its subgroup U fulfill the strong Atiyah conjecture 
if and only if DH and DU are skew fields. In particular, we know that DU is 
Artinian. We want to apply Proposition |2.6| to the extension 



1 



C/^Gc 



Gs/U 



1. 



By Lemma |2J, if Ge/U < Gs/U is finite, then Ge < Gs fulfills the 
assumptions of Proposition |2.6| with L = [Ge/U[, and therefore also with 
L = \cm{G s / U) . Since lcm(G5/?7) divides lcm(G5), by Corollary 2.7 the strong 



Atiyah conjecture holds for KGs- 

It remains to find the subgroup U with the required properties. Since H 
is torsion-free and Gs/H is a finite p-group, lcm(Gs) = p" for some n > 0. 
Assume that every Gs/U^^ (defined in Definition I.58| ) for U G Ah contains 
a subgroup of order p'^. Note that each finite subgroup of each Gs/V^^ is a 
finite p-group, since Gs/V^^ contains the torsion-free subgroup H/U^^ with 
index a power of p. Therefore, it is sufficient to show that in this case Gs itself 
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contains a subgroup of order p''. By Lemma 4.59 we can pass to subgroups G, 



of Gs and Qq of Gs/H such that |Qo| = p'^ and the projection tt in 

1 ^ ^ ^ Qo ^ 1 



sphts. Now our important technical Theorem 4.27 apphes and yields that Qo 
also splits back to Go, hence gives a subgroup of order p'' in Gs- 



(2) Assume now that G is torsion-free. The above argument implies that 
there is Us such that Gs/Ug^ does not contain any non-trivial finite subgroup 
(the trivial group now is the biggest finite subgroup of Gs < G), i.e. Gs/Ug'^ 
is torsion-free. We can choose Us E A'u (since we can restrict ourselves to the 
use of A'u throughout). 

Let U be the intersection of all Us for all Sylow subgroups S Q. Since 
Gs/U'^ fits into the exact sequence 

1 ^ U'i/U^ ^ Gs/U^ ^ Gs/Ui ^ 1 



with both Gs/U^ and U^ /U^ < H/U^ torsion-free (by Lemma Gs/U^ 
is torsion-free. 

If G/U'^ would contain a non-trivial torsion element, then by raising to an 
appropriate power we would have a p-torsion element 1 7^ x G G jU'^ for some 
prime number p. Since HjU^ is torsion- free, x would map to a p-torsion clement 
in G/H , hence to a p-Sylow subgroup S of G/ H . Therefore, we could assume 
that X is contained in Gs/U'~^, which is torsion-free. This is a contradiction, 
hence G/U'^ itself is torsion-free. Since H/U is elementary amenable, by Lemma 



4.11 the same is true for H/U'^ and therefore also for its finite extensions G/U'^ . 

□ 



Extensions of pure braid groups, one-relator 
groups and link groups 



The next task is to find examples to which Theorem 4.6C applies. In particular, 
we want to show that this is the case for the pure braid groups and generaliza- 
tions hereof. 

To do this, we will prove that certain types of extensions preserve the condi- 



tions of Theorem 4.60 , and that we can obtain e.g. the braid groups using these 
constructions. 



5.1 Extensions 

We have introduced a number of properties of groups, in particular, to have 
enough torsion-free quotients, to be residually torsion-free nilpotent, and to be 
cohomologically complete. We now study when these properties are preserved 
by extensions of groups. This will be our main tool to produce interesting 
examples which have these properties. 

5.1 Lemma. Let l^H—>G-^Q^lbean exact sequence of groups. 
Assume that for each m G N there is n G N such that jniG) C\ H <Z jmiH). 



38 



Peter Linnell and Thomas Schick 



(1) Assume that H has enough torsion-free nilpotent quotients. If Q has 
enough torsion-free nilpotent quotients, or enough torsion-free solvable 
quotients, or enough torsion-free solvable-by-finite quotients, respectively, 
then the same is true for G. 

(2) Assume that H is residually torsion-free nilpotent. If Q is residually 
torsion-free nilpotent, and for each n G N there is a factorization Q -» 
Q/V Q/^niQ) with Q/V torsion-free nilpotent, then G is residually 
torsion-free nilpotent. If, in addition, for each n E N there is a factoriza- 
tion H -» H/W -» H/jn{H) with H/W torsion-free nilpotent, then the 
corresponding statement is true for G. 

Corresponding results hold if in the assumptions on Q "nilpotent" is re- 
placed by "solvable", or "solvable-by-finite" , respectively, and the lower 
central series by the derived series or the appropriate series for solvable- 
by-finite quotients. Beware that, in the assumptions on H , we have to 
require nilpotent throughout. 

Proof. We first prove |(1)| . Let therefore K < G he a, normal subgroup with 
G/K a finite p- group for some prime number p. Then we get an exact sequence 

1 ^ H/{H r\K)^ G/K Q/p{K) ^ 1 

of finite p-groups. Let V<Hr\K<Hhea, characteristic subgroup of H 
such that H/V is torsion-free nilpotent. Such a V exists since H has enough 
torsion-free nilpotent quotients. Since H/V is nilpotent, there is an m G N with 
lm{II) < V. Choose now n g N with 7„(G') Ci H < ^m{H) < V, which exists 
by assumption. Choose n in such a way that 7n(G) < K (this is possible since 
G/K is nilpotent). Observe that p(7„(G')) = 7n(Q). 

Since Q has enough torsion-free nilpotent quotients, we find a characteristic 
subgroup W Q such that W < jn{Q), and Q/W is torsion- free nilpotent. 
Assume that 7„' (Q) < W. 

Define now the subgroup UofGasV- (7n(G) r\p^^{W)). Since V < K and 
7„(G) < K, we get U <K. 

Since is a characteristic subgroup of H, it is normal in G. Since p is 
surjective, p~'^{W) and jn{G) rip~^{W) are also normal in G, which implies 
that ?7 is a normal subgroup of G. 

Moreover, 

7n'(G) C 7n(G) np-\W) C V ■ (7„(G) np-i(M^)) = U, 

i.e. G/U is nilpotent. 

The map G — > Q/W is surjective and has kernel p'^{W), which contains U. 
On the other hand, since W < 7n(Q), 

p-\w)<p-\rn{Q))^H-j,,{G), 

i.e. p-^{W) = H ■ (7„(G) n p'^iW)). It follows that the induced map G/U 
Q/W is defined and has kernel 

H-{jr.{G)np~\w))/{v-{j,,{G)np-\w)))^H/{Hn{v-{jn{G)np-\wm. 

Now V < H < p^'^iW), therefore 

v<Hniv- (7„(G) n p-'{w))) = V ■ (7„(G) nH)<V- 7„(il) < V. 
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This means that we get the exact sequence 

H/V ^G/U ^Q/W ^1. (5.2) 
Since H/V and Q/W both are torsion-free the same is true for G/U. If Q /W is 



only solvable, or solvable-by-finite, respectively, instead of nilpotcnt, (5.2) shows 
that the same is true for G/U. 



Now we prove [2]. For each 1 ^ g E G, we have to produce a projection 
Pg: G —> Rg with Rg torsion- free nilpotent and such that pg {g) ^ I. If 5 is 
mapped to a non-trivial element of Q, this can be done because of the assump- 
tion that Q is residually torsion- free nilpotent. 

Assume therefore that g £ H = ker(p). Since H is residually torsion- free 
nilpotent, there is a (without loss of generality characteristic) subgroup V < H 
with ^m{H) < V and such that H/V is torsion-free (and of course nilpotent), 
and such that p{g) ^ 1 for the projection p: H ^ H/V. Choose now n e N 
such that 7n(G) Ci H < ^m{H) < V, and a normal subgroup W < Q with 
W < jn{Q) and such that Q/W is torsion- free and elementary amenable (such 
a W exists by assumption). As in the proof of (1), de fine the subgroup U := 



V ■ (7„(G) np^'^iW)). We get the exact sequence(p^ 



1 ^ H/V ^ G/U Q/W 1 

and as before we conclude that G/U is torsion-free nilpotent. If Q/W is only 
solvable or solvable- by-finite, at least these properties are inherited by G/U. 

Since g maps to a non-trivial element in H/V, and the map H/V — > G/U 
induced by the inclusion is injective, g maps to a non-trivial element in G/U , 
as required. 

For the last remaining statement, fix A; S N. We assume now that we find W 
as above such that in addition W < jk{H). We construct U as before. (Observe 
that k < m <n), and it only remains to show that U < 7/j(G). 

But[/<l/7„(G)<7fc(ff)7fc(G)=7fc(G). □ 



We need two different types of assumptions in Lemma 5.1: assumptions 
on the building blocks (which we obviously have to make to get corresponding 
results for the big group G) and assumptions on the extension itself. We now 
address the question of when the latter ones are satisfied. 

5.3 Lemma. Let l^_ff— i-G— >Q^1 be an exact sequence of groups such 



that G acts unipotently on Hi(H; Z) as defined in Definition ^.14. Assume that 
at least one of the following conditions is satisfied: 

(1) Q is nilpotent, 

(2) The extension l^H—>G—>Q^lis split, i.e. G is a semi-direct 
product G = -ff XI Q, 

Then for each m G N there is n eN with 7„ (G) Cl H C 7m (H) . 

Proof. In the course of the proof we will have to use subgroups of iterated com- 
mutators. This can conveniently be dealt with using the bracket-less notation 
as in ||l^. Given two subgroups H and K of a, group G we set jHK := [H, K]. 
We abbreviate j{jHK)L =: j^HKL. With this notation, 7„(G) = 7"-iG". 
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First observe that by definition G acts unipotently on Hi{H;'Z) = H/^H"^ 
if and only if there is m G Z with 

7™i/G" C7i?' =72(i^). (5.4) 

This follows since the action on Hj^H^ is induced by conjugation. Since 
'~f"''HG™ C 7m+i(G') n H, it is therefore necessary that G acts unipotently on 
Hi{H;Z) for the conclusion of the lemma. Lemma 7] says that Equation 
(5.4) implies that 

YmjjTQrm-r+l ^ ^ ^r+l ^ ^^^^[H). (5.5) 



Using this inductively, we also see that Equation (5^) implies that for suitable 

f(n) e N 

^f^HCf^''^ Cj"H''+\ (5.6) 

Assume first that Q is nilpotent. This means that there is n G N with 
7n(G) C H (since it is mapped to 7,i(Q) — {!})■ Combined with ( |5.6| ) this 
implies 7n+/(m)(G') C "f„i+iiH), which is what we had to prove. 

Assume now that the sequence l^i/— >G— splits. With this 
assumption, we generalize a result of Falk and Randell p. 85] who prove 
that 7"(G) CiH ^ l"{H) for a semidirect product G = H » Q ii Q acts trivially 
on Hi{H-Z). 

Following Falk and Randell, let p: G Q be the projection, and j: Q ^ G 
a split of p (i.e. p o j — idg). Using j, we consider Q as subgroup of G. Define 

T-.G^H: g ^ j{p{g^^))g ^ p{g^^)g. 

Clearly p{T{g)) = 1 for each g G G, i.e. r indeed maps G to H. For each g G G, 
g — hq with h £ H and q G Q if and only if /i = T{g) and q — p{g). In particular, 
a g E H then g ~ T{g). 

The map r is not a homomorphism, but satisfies 

T(.gi.g2) = p{g2y^T{gi)p{g2) ■ r(g2) (5.7) 

(for all these statements, compare p. 83]). 

We now claim that for each m G N there is n G N with 

T(7„(G)) C 7m(i?). (5.8) 

This implies the assertio n, b ecause x G 'jn(G) fl H implies x = t{x) G ^m{H). 

We are not proving (5.8) directly, but rather prove by induction that for 
each m G N 

t(72"^(G)) C7"i?G'". (5.9) 

In view of the assumption that j'^HG"^ C ^H^ and by ( |5.6| ) this implies (5.8). 
We need the following lemma. 

5.10 Lemma. If H is a normal subgroup of G, then for each to G N 

^m{m-l)/2+lQrn{m-l)/2+ljj ^ 7™iJG™. 

Proof This is the statement of @ Theorem 2] applied to H/{j"'HG'^) and 
G/{-f"'HG"') inside G/(7"iJG'"). □ 
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The case m = of (5.9) is trivial. 

For the induction step, assume m > 1 and choose gi S 72™-i(G) C 72™-! (G) 
and g2 & G, i.e. [31,92] = 9i^92^9i9'2 is a typical element of 72™ (G). Write 
hi = r(gi), by induction hi G -/""-^ HG"'-'^ . Set h2 = r(g2). Similarly, set 
H P(5i) G 72'"-i(Q) C 72™-i(G), 92 := p(.g2). We write = y~^xy. Then, 
following the calculation of p. 85] 

T([ffl,52]) = [gi,g2]~M'7l>2]''Mgi,g2]''='M/il,/i2][/ll,92]"^ 



Using Lemma |5T0|, [gi,/i2] e -/^"^G^'^H C 7'"i7G™, since m(TO- l)/2 + l < 2"^ 



for each m e N, to > 1. By induction, [/ii, /i2], [/ii, 52] S ■y"^HG'''-^G = 
j"'HG"\ Last, observe that [[91, 92], /i2^i] € "/^"^G^'^H c j"'HG"\ so [91,92] 
commutes with /12/11 modulo Y^HG^^. Consequently, 

r([5i,.g2]) = [gi,g2]-M'?i,'72] = 1 mod 7™i/G" 
and so r(72™(G)) C 7'^i?G" 



This finishes the proof of Lemma 5.3. □ 



5.11 Remark. Given an extension l^H—^G—^Q—^l, one can ask whether 
the condition that G acts unipotently on Hi(H; Z) is sufficient to imply that for 
each fixed to, if n is sufficiently large then 7ri(G) Ci H C jmiH). This is not the 
case in general. There are even counterexamples where _ff is a central subgroup 
of G. 

5.12 Lemma. Assume that 1 — Gq < Gi < ■ ■ ■ < G„ = G is a nested sequence 
of groups such that each Gi is normal in G. Suppose that G/Gi acts unipotently 
on iJi(Gi+i/Gi; Z) for each i ~ 0, ...,n — 1. Then G acts unipotently on 
Hi{G,;Z) for alii. 

Proof. Induction reduces to the situation 1 = Go < Gi < G2 < G3 = G, G 
acts unipotently on iJi(Gi;Z) and G/Gi acts unipotently on Hi{G2/Gi;Z), 
and we have to show that G acts unipotently on Hi (G2 ; Z) . The exact sequence 
1 — >• Gi — > G2 ^ G2/G1 1 yields an exact sequence 

i7i(Gi;Z) ^i/i(G2;Z) ^iJi(G2/Gi;Z) ^0 (5.13) 

(observe that the first map is not injective in general). Since the group homo- 
morphisms Gi — > G2 ^ G2/G1 are compatible with the conjugation action by 
G, the same is true for the induced action in homology. Set U :— Hi{Gi;Z), 
V := Hi{G2\1) and W := i7i(G2/Gi; Z). We write [U, G]<U for the subgroup 
of U generated by the elements gu — u ior g ^ G, u ^ U (using the G-action on 



U induced by conjugation). As in the proof of Lemma 5.3, we use the notation 
7"[/G" = [7"-iC/G"-i,G], with 7J7G = [U,G]. 

Since G acts unipotently on W, -/"^WG"^ = for some 7^2 £ N. That 
means that 7"^V^G"^ is mapped to zero in the exact sequence ( ^.131 ), i.e. lies in 
the image of U. Now 7"^ U G"^ = since G acts unipotently on U for suitable 
ni e N. It follows that j''^{-f"WG"^)G"' = ^ni+n2yC'ni+n2 = 0. In other 
words, G acts unipotently on _ffi(G2;Z). □ 

5.14 Remark. Observe that, in the above lemma, even if G/Gi acts trivially 
on _ffi(Gi+i/Gi; Z) for each i, we can not conclude that Gi acts trivially on 
i/i(Gi_i;Z), but only that it acts unipotently. 
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5.15 Lemma. Assume that N < G is a normal subgroup. Suppose G acts 
unipotently on Hi{N]'L). Then G acts unipotently on Hi{N]'L/p) for each 
prime number p. 

Proof. Since Hq{N;'Z) = Z, by the universal coefficient theorem we have an 
isomorphism 

Hi{N; Z/p) ^ Hi{N; Z) Cg)z Z/p. 

This isomorphism is natural and therefore in particular compatible with the G- 
action. That G acts unipotently on Hi{N; Z) means that there is an 6 N such 
that for n arbitrary elements gi, . . . , (?„ G G the operator (gi — 1) • • • — 1) = 
acting on Hi{N\Z). The universal coefficient theorem shows that the same 
is true for the action on Hi{N;Z/p), i.e. the action of G on Hi{N;Z/p) is 
nilpotent, as well. □ 



5.2 The main class of groups 

5.16 Definition. Let T be the class of groups which fulfill the following list of 
properties: 

(1) G has a finite classifying space BG. 



(2) G is cohomologically complete as defined in Definition 4.3. 

(3) G has enough nilpotent torsion-free quotients as in Definition 4.53| (for 
example, all the quotients in the lower central series G/7„(G) are torsion- 
free) . 

Let JFoo the subclass of groups G £ T which are, in addition, residually nilpotent. 

Observe that the definition of "enough nilpotent torsion-free quotients" im- 
plies immediately the following. 

5.17 Remark. If G S Too then G is residually torsion-free nilpotent. 

5.18 Lemma. IJ H ^ J-, then H is finitely generated, of finite cohomological 
dimension, torsion-free, and if B is an H -module with finitely many elements, 
then H"(H, B) is finite for each n. Moreover, for each fc G N there is a normal 
subgroup Uk of H such that H/Uk is torsion-free nilpotent and Uk < jkiH). 

Proof. Finiteness of BH immediately implies that H is torsion-free and the 
finiteness assertions. The existence of Uk with the required properties is proved 



in Lemma 4.54. □ 



5.19 Example. Every finitely generated free group Fn belongs to Too. 

Proof. Clearly F„ has a finite classifying space. It is a classical result that F„ is 
residually torsion-free nilpotent and that even Fn/jk{Fn) is torsion- free for each 
k (compare [0). By example 4^, free groups are cohomologically complete. 
The assertion follows. □ 

5.20 Proposition. Let l^H^G^Q^lbea split exact sequence of 
groups (i.e. G ^ H >4 Q) and assume that Q acts unipotently on Hi{H;Z). 

If H and Q both belong to T , then also G ^ J- . If even H,Q G Too, then 
G^Too. 



Finite group extensions and the Atiyah conjecture 



43 



Proof. Since H and Q have finite classifying spaces, the same is true for G by 
Lemma 4.3(]| . 



By Lemma 5.15, Q acts unipotently on Hi{H\'L/p) for each prime number 
p. Theorem 4.15| therefore imphes that G is cohomologically complete, the same 



being true for H and Q by assumption. 

We assume that the sequence l^H-^G^Q^lis split exact. By 



Lemma p.3| we can apply Lemma 5.1 (l)jto conclude that G has enough torsion- 
free nilpotent quotients if H and Q both have the same property. In particular, 
if H and Q belong to the same is true for G. 



Because of Lemma 5.18, if H and Q belong to Too, i-e. are residually torsion- 
free nilpotent, we can apply Lemma ^.l| |(2)| to conclude that G is residually 
torsion-free nilpotent, as well, i.e. belongs also to Too- □ 



5.21 Remark. Using Lemma xl and Lemma p.5| , other variants of the statements 
of Proposition ^.20| can be proved. We leave this to the interested reader. 

The next theorem shows why the classes T and Too are important to us: if 
a group belongs to them, then the Atiyah conjecture is inherited by extensions 
with elementary amenable quotient. 

5.22 Theorem. Assume that H Cz T and H fulfills the strong Atiyah conjecture 
over KH, where K — K is a suhfield ofC For example, assume that H G Too 
and K — Q, where Q is the algebraic closure ofQ in C. Let G be an extension 
of H with lcm(G') < oo and such that G/H is elementary amenable. Then G 
fulfills the strong Atiyah conjecture over KG. 

If the identity map of KH extends to an isomorphism KH-^(^h) ^ DH, then 
the identity map of KG extends to an isomorphism KGy^^g) ~* DG. 

Let A'fj be a nilpotent exhaustive set of subgroups of H . If in addition, 
G is torsion-free and G/H is finite, then for rt £ N sufficiently large we find 
Un S A'lj with Un < 7,i(-ff) such that G/Un is torsion-free (and of course 
virtually nilpotent). 

If again with G torsion-free, we have a domain k and a crossed product k^G 
such that the subring k * H embeds into a skew field Dh and the twisted action 
of Q on k * H extends to Dh, then k * G embeds into a skew field. 

Proof. If G e Too, then QG satisfies the strong Atiyah conjecture by Corollary 
3.3. The other statements are immediate consequences of Lemma ^.18 , Theorem 



4.60 and Corollary 4.62. We use here that all groups in A!jj are characteristic. In 
the first instance. Theorem 4.60| produces only one U G A'u with G/U torsion- 



free. Obviously U =: Una < lno{H) for some no G N. For n > uq, choose 
Vn G A'h with Vn < ln{H). Set Un ■= U f]Vn G Al^j- The exact sequence 
1 U/Un G/Un G/U 1 shows that G/Un is torsion-free since G/U and 
U/Un < H/Un are torsion-free. By Lemma [1.11| , G/Un is virtually nilpotent. 

□ 

The following example shows that the additional assumptions in Theorem 



5.22 often are satisfied. 



5.23 Example. Suppose H is poly-orderable, i.e. admits a finite normal series 
with orderable factors. Assume that G is a torsion- free extension of H and 
G/H is elementary amenable. If fc * G is a crossed product with a skew field 
k, then the crossed product k * H embeds into a canonically defined skew field 
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Da, which comes with a (unique) twisted action of G/H extending the twisted 
action onk*H. Furthermore, if H is poly-free, the identity map of KH extends 
to an isomorphism KHy,{h) ^ DH . 

Remember that orderable means two-sided orderable, and that every resid- 
ually torsion-free nilpotent group, in particular every finitely generated free 
group, is orderable [|, Theorems 2.1.1 and 3.1.5]. We want to remark that 
all the groups in Too are residually torsion-free nilpotent and therefore poly- 
orderable. Many, like the pure braid groups, are also poly-free. 

Proof. The second statement follows by applying Lemma 12.5] to each of 
the finitely many free extensions in the construction of -ff as a poly-free group, 
using the fact that poly-free groups fulfill the strong Atiyah conjecture (we note 
that [^ , Lemma 12.5] remains true when C is replaced by an arbitrary subfield 
K oi C which is closed under complex conjugation). 

Ul that H has a free division 



For the first statement, we know froinj23 



ring of fractions in the sense of Hughes |22| §2]. This means in particular that 
any automorphism oik*H which preserves the monomials oik^H (i.e. sends an 
element of the form ah with a k and h E H to another such element) extends 
uniquely to an automorphism of Dh- Thus we get the required (unique) twisted 
action of G/H on Dh extending the action on k * H. □ 

We continue with some abstract results which show how the methods we 
have developed so far give information for certain groups beyond the class J-. 

5.24 Lemma. Let Gi, . . . , Gjy be torsion-free solvable groups and 

G :— Gi * • • • * Gn 

their free product. Every projection G —f> Q with Q solvable has a factorization 
G —>^ Qi ^ Q where Qi is torsion-free solvable. 

Proof. By Lemma 5.5] we have an exact sequence 

1 ^ F ^ Gi * • • • * Gjv ^ Gi X • • • X Gat ^ 1, 

where F is a free group. Let U be the kernel of the projection G ^ Q. Since 
Q is solvable F/ {F n U) also is solvable. Therefore, F nU contains the derived 
series subgroup F'*^' for a suitable k €N. Since every subgroup of a free group is 
free, the abelianization F*^*^) J p(^-'^) of every derived series subgroup of F is free 
abelian and in particular torsion free. By induction, using the exact sequence 
1 ^ F^k-i)^p(k} _^ pip(k) ^ pjpik-i) _^ 2, F/FC'^) is also torsion-free. 

Moreover, since F^*^) is a characteristic subgroup of F, it is normal in G. Since 
Gi, . . . , Gat are solvable, for sufficiently large k we get an extension 

1 ^ F/F^^) ^ G/fC') ^ Gi X • • • X Gtv -> 1 

of G/F''^'^ by torsion-free solvable groups, therefore G/F*^*^) itself is torsion- free 
solvable, and by the choice of F*^*^^ it maps onto G/U = Q. □ 

5.25 Proposition. Assume that G N and that Gi, G2, . . . , Gjv G T. 

(1) Then the free product G :— Gi*G2* - ■ ■*Gn has enough solvable torsion- 
free quotients. 
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(2) If, more restrictively, G has enough nilpotent torsion-free quotients, then 
G belongs to J- . 

(3) If Gi is residually torsion-free solvable for each i (e.g. if Gi G Too), then 
the same is true for G. 



Proof. For [2j, observe that the classifying space of G is the one-point union 
of the classi fying spaces of Gj for j = l,...,iV, therefore is compact. By 
Proposition [4.25| , G is cohomologically complete. If G has enough nilpotent 
torsion-free quotients, then it follows that G belongs to J-. 

To prove |(3)| , remember that the property of being torsion-free solvable is 
a root property in the sense of jist , and free groups are residually torsion- free 
solvable, even residually torsion- free nilpotent (compare [^). Therefore, by 
[ p^ Theorem 4.1], G is residually torsion-free solvable if the same is true for all 
the G,. 

To establish |(lj, given a normal subgroup U of G, if we set Uj :~ GjHU, then 
G/U is a quotient of (Gi/Ui) * • • • * (Gn/Un). If the index of [/ in G is a power 
of p, the same is true for the index of Uj in Gj for j — 1, . . . , N. Be definition 
of the class we find Vj < Uj normal in Gj such that Gj/Vj is torsion- free 



nilpotent and hence torsion-free solvable. By Lemma 5.24 applied to the solvable 
(since it is a finite p-group) quotient G/U of (Gi/Vi) * • • • * {Gn/Vn) we find 
a factorization {Gi/Vi) * •■• * {Gn/Vn) — > Qi ^ G/U where Qi is torsion- 



free solvable. It follows from Lemma 4.55 that G has enough solvable-by-finite 



torsion- free quotients. □ 

5.26 Proposition. Let Gi, . . . , Gn be groups which belong to Too- Assume 
that Q has a finite classifying space, is cohomologically complete, is residually 
torsion-free solvable-by-finite and has enough solvable-by-finite torsion-free quo- 
tients. Define 

G:=Gix(G2>^(---(GArxQ))), 

and assume that in each semidirect product the quotient acts unipotently on the 
first homology of the kernel. Then G has a finite classifying space, is residu- 
ally torsion-free solvable-by-finite, has enough torsion-free solvable-by-finite quo- 
tients, and is cohomologically complete. If there is an exact sequence 

1 ^ G ^ H ^ A-> 1 

with A elementary amenable and \cm{H) < oo, then QH fulfills the strong 
Atiyah conjecture. 



Proof. By an iterative application of Lemma 4.30, G has a finite classifying 



space, and by Lemma 5.3 and Lemma 5.1, G has enough solvable-by-finite 
torsion-free quotients and is residually torsion-free solvable-by-finite (observe 
that having enough torsion-free solvable-by-finite quotients implies the factor- 



ization property for the lower central series quotients as required in Lemma 5.1 



(2) because of Lemma 4.54). Theorem 4.15 implies that G is cohomo logi cally 



complete. The last assertion follows from Corollary 4.62 and Corollary |3.3|. □ 



5.27 Example. In Proposition 5.26, Q = Qi * • • • * Qm can be a free product 



of finitely many groups Qi & Too. By Proposition 5.25, Q has enough solvable 



torsion-free quotients and is residually torsion-free solvable, and by Proposition 



4.25 Q is cohomologically complete. Its classifying space is the one-point union 



of the BQi, i = 1, . . . , m, and therefore is finite. 
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In the next subsections we describe certain interesting classes of groups which 
belong to J-' or even to J-oo- 



5.3 One-relator groups 

5.28 Definition. A one-relator group G is called primitive if it is finitely gen- 
erated and if it has a presentation G — {xi, . . .Xd \ r) such that the element 
r in the free group F generated by xi, . . . , a;^ is contained in "fn{F) but not in 
7„4.i(_F) and the image of r in 7„(F)/7„+i(_F) is not a proper power. 

We adopt the convention that finitely generated free groups are primitive 
one-relator groups. 

5.29 Example. The following finitely generated one-relator groups are primi- 
tive 

• one-relator groups where the least common multiple of the exponent-sums 
for the different generators in the relator is one. 



fundamental groups of compact orientable two-dimensional surfaces (with 
or without boundary). 



5.30 Proposition. Let G be a primitive one-relator group. Then G belongs to 
T. 

Proof. By Exemple{2), p. 144] such a group is cohomologically complete. 
The main theorem of says in particular that G/7„(G) is torsion- free for 
each n £ N. The fact that G is primitive implies that the relator r is not a 
proper power. By ||40|] G has cohomological dimension 2, more precisely, the 
presentation complex of (xi , . . . ,Xd \ r) with d 1-cells and one 2-cell is a model 
for BG, i.e. BG is finite. □ 



5.31 Remark. In light of Theorem |3. 22 and Proposition 5.30 it is of course impor- 



tant to know which one-relator groups satisfy the Atiyah conjecture. Examples 
for this are residually torsion-free solvable one-relator groups. Unfortunately, we 
don't know whether all one-relator groups, or at least all torsion-free one-relator 
groups, satisfy the Atiyah conjecture. 



5.4 Link groups 

5.32 Definition. We denote the fundamental group G of the complement M 
of a tubular neighborhood iy{L) of a tame link L with d components in a link 
group with d components. We define the linking diagram to be the edge-labeled 
graph whose vertices are the components of the link, and such that any pair 
of vertices is joined by exactly one edge. Each edge is labeled with the linking 
number of the two link components involved. 

We say the link group G is primitive if for each prime number p there is 
a spanning subtree of the linking diagram such that none of the labels of the 
edges of this subtree is congruent to modulo p. 

Observe that in particular every knot group (i.e. a link group with only one 
component) is primitive. 



Finite group extensions and the Atiyah conjecture 



47 



5.33 Definition. A compact orientable 3-inanifold (possibly with boundary) 
is called irreducible if every embedded two-sphere bounds an embedded three- 
disc. It is called Haken if it is irreducible and if there is a properly embedded 
two-sided surface different from a two-sphere such that the induced map of 
fundamental groups is injective. 

5.34 Proposition. Assume that G is a primitive link group with d components. 
Then G has a finite classifying space and G/^n(G) is torsion-free for each n G N. 
Moreover, G ^ T . 

Proof. Let M C be the link-complement such that G — 7ri(M). Then 
M is an orientable manifold with non-empty boundary, and each boundary 
component is a torus. Moreover, primitivity in particular implies that the link 
is non-split, i.e. if we have a two-sphere embedded into the complement of the 
link in S^, then by Alexander's theorem the link will intersect only one of the 
two discs into which this two-sphere splits (else the linking graph would 
contain two non-empty parts, connected only by edges labeled with zero). This 
also shows that each two-sphere embedded into the complement of the link 
bounds a three-disc embedded into the complement (the one of the above three- 
discs which does not intersect the link). By definition, this means that M is 
irreducible. 

Since the boundary of M contains a surface which is not a two-disc, M is a 
Haken manifold by |2^, Lemmas 6.6 and 6.7]. By Remark III. 19] the finite 
CW-complex M is the classifying space of G (this is also directly a consequence 
of ]||, Theorem 27.1]). By ]||, Theorems 2 and 1] G'/7„(G) is torsion-free for 
each n g N. 

In ]30[ ] we show that G is cohomologically p-complete for every prime number 
p. This finishes the proof. □ 



The following proposition is a special case of Proposition |5.34 We single it 
out here because we can give an independent and more elementary proof of the 
key property, namely cohomological completeness. 

5.35 Proposition. Let G be a knot group, i.e. the fundamental group of the 
complement of a tame knot in , or let G be a primitive link group with two 
components. Then G & J-. 

Proof. Above, we have given a proof of the fact that G has a finite classifying 
space, namely the knot or link complement — v{L). Let d G {1,2} be the 
number of components of L. 

Let h: G ^ G"^ = Hi{G,Z) be the projection of G onto its abelianization. 

We claim that G"'' is isomorphic to Z'^ and that h induces an isomorphism 
in homology and cohomology (with integr al coe fficients). The assertion then 
follows from Proposition 5.37 and Example ^.3S| . 



It remains to prove the claim. 

A classical computation in knot theory, using Alexander duality, shows that 
Hn{G, Z) and H"'{G, Z) are free abelian for each n, and 



rank i/"(G, Z) 



1; 


if n 


= 


d- 


if n 


= 1 


d^i 


; if n 


= 2 


0; 


if n 


> 2 
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Hence for trivial reasons (since G"'' is free abelian) H"{h) is an isomorphism 
except possibly for n = 2 and d = 2. In this case G"^ = and the generator 
of H'^{1? , Z) is the cup product of the two generators of H^{1? , Z). Alexander 
duality and the definition of the linking number implies that the cup product 
of the two generators of iJ^(G,Z) is the linking number times the generator of 
-ff^(G, Z). By assumption, this linking number is ±1, so that G G°'^ induces 
also an isomorphism on . Using the universal coefficient theorem to see that 
Hn{h) also is an isomorphism for all n, this concludes the proof. □ 



5.36 Corollary. Let H be either a primitive one-relator group (compare Remark 
5.31) or a primitive link group, and assume that H is residually torsion- free 
solvable. 

If there is an exact sequence l^H^G^A^l with A elementary 
amenable and lcm(G) < oo, then the strong Atiyah conjecture is true for 



Proof. By Proposition 5.30 
in both cases by Corollary 



or by Proposition 5.34, iJ G JF. It therefore follows 



3.3 that QH satisfies the strong Atiyah conjecture. 

□ 



5.5 Homology-invariance 

5.37 Proposition. Assume that G ^ T , and that Hi, H2 are groups with finite 
classifying spaces and fi : Hi — > G, /2 : G — > H2 are group homomorphisms 
which induce isomorphisms on homology with integral coefficients. Then Hi 
and H2 both belong to T , and fi as well as /2 induce an isomorphism between 
the pro-p completions (for every prime number p). 

Proof. By pl| . Theorem 3.4], fi or /2 induce isomorphisms between the lower 
central series quotients G/jn{G) and Hi/jn{Hi) or H2/jn{H2), respectively, 
for every n S N. This implies that the maps induce isomorphisms betwee n the 
inverse systems of nilpotent quotients of G, Hi and H2. Hence, by Lemma 4.55 



since G has enough torsion- free nilpotent quotients, the same is true for Hi and 
for H2. 

Moreover, in particular the finite p-group quotients of G, Hi and H2 coincide 
(since they are nilpotent). This means we get the following commuting diagram 



Hi 



G 



h 



H2 



Hi GP 

and /f as well as are isomorphisms. Taking cohomology with Z/p-coefficients, 
we obtain 



H''iHi,Z/p) H^{G,1Ip) H^{H2,1/p) 



Q!2 J 



H^{Hl,'L/p) H''iGP,Z/p) H^{HP,I./p) 
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where now not only iJ'^(/f) and ), but by assumption, using the univer- 

sal coefficient theorem for cohomology, also /3, H^{fi) and H^{f2) are isomor- 
phisms. It follows that ai and a2 are isomorphisms, too. This implies that Hi 
and H2 are cohomologically complete and concludes the proof. □ 

5.38 Definition. A discrete group G is called acyclic if Hk{G, Z) = for fc > 0. 

5.39 Example. It is well known that finitely generated free abelian groups 
belong to J-. Cohomological completeness, which is the only non-obvious point, 



follows from Proposition 5.20 



Let G be a group with finite classifying space and such that Hi{G, %) is free 
abelian. Assume that the projection G G/[G,G] = Hi{G,Z) is a homology 
isomorphism, i.e. iJfe(G', Z) Hk {G/\G , G],Z) is an isomorphism for every 



fc G Nq. It follows from Proposition 5.37 that G £ J-. Observe that this follows 



in particular if G is acyclic or if H^{G,Z) = 7f*(Z, Z) (as abstract abelian 
groups). 

We will see in Proposition 5.35| that knot groups and certain link groups 



provide examples where the projection to the abelianization is a homology iso- 
morphism. 

Acyclic groups with finite classifying space are not hard to come by. They 
play an important role in asphericalization processes: given any finite simplicial 
complex X, we can use any acyclic group with finite classifying space as building 
block to construct a new finite simplicial complex BLX which has the same 
cohomology as X and is aspherical (i.e. which is the classifying space of its 
fundamental group LX: = tti{BLX)). For all this, compare 

Fix an acyclic group which has a finite classifying space. Following Section 
9], this gives rise to an asphericalization procedure, a functor BL from finite 
simplicial complexes to aspherical finite simplicial complexes (more precisely, 
to X we assign a map BLX X which induces a surjection on tti and an 
isomorphism in integral homology). 

If we take any acyclic finite simplicial complex X and apply the aspherical- 
ization construction, then we obtain a new acyclic group LX = 'Ki{BLX). 

As a preparation to get non-acyclic examples, let X and Y be two spaces 
whose integral cohomology ring in both cases is isomorphic to the cohomology 
ring of Z", i.e. is a symmetric algebra over Z on n generators which belong to . 
Let /: y — » X be a map which induces an isomorphism H^{f) : 7J^(X, Z) 
H^{Y,Z). Then / is a homology isomorphism, because an algebra map like 
H*{f) which is a bijection between the generators of two symmetric algebras is 
an isomorphism, and then we can apply the universal coefficient theorem. 

Assume next that we apply the asphericalization procedure described above 
to a finite simplicial complex X whose integral cohomology ring is isomorphic to 
the cohomology ring of the free abelian group Z". We get a homology isomor- 
phism BLX ^ X, in particular Hi{BLX, Z) = Z" and H*{BLX, Z) is the co- 
homology ring of Z". The projection tt: LX ^ Hi{LX,Z) = LX/[LX,LX] = 
Z" induces by duality an isomorphism on the first cohomology with integral 



coefficients. Therefore, it is a homology isomorphism. By Proposition 5.37 , LX 
belongs to T. 

Note that the conditions on the cohomology ring structure are trivially ful- 
filled if iJ*(X, Z) = iJ,(Z,Z) (as abelian groups). 
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5.6 Braid groups 

5.40 Theorem. Assume that H is the fundamental groups of a (complement of 
a) fiber-type arrangement. Then, H belong to Tq^- In particular , this is the case 
for Artin's classical pure braid groups and, more generally, for the generalized 
pure braid groups associated to the Coxeter groups Ai, Ci, G2 and l2{p) 
Theorem 3.1]. 

Proof. Falk and RandcU construct Proposition 2.5] G as iterated semidirect 
product with trivial action on Hi of the kernel, starting with a finitely generated 



free group. By Example 5.19 and Proposition 5.20, G G Too (it is already proved 



|l4 Theorem 2.6] that G is residually torsion-free nilpotent). □ 



5.41 Corollary. Assume that H is one of the groups of Theorem 5.4C , e.g. a 
classical Artin pure braid group P„. Then every finite extension G of H fulfills 
the strong Atiyah conjecture over Q. Moreover, if such an extension is torsion- 
free then it is residually (torsion-free virtually nilpotent), i.e. it has plenty of 
non-trivial torsion-free quotients. 

This applies in particular to Artin's classical full braid groups Bn (as well 
as the full braid groups associated to C„, G2 and l2{p)). 

Specifically, for each classical braid group _B„ (n £ N arbitrary) the quotients 
BnllN{Pn) Cire torsion-free for all N > N{n) sufficiently large, and the inter- 
section of the jNiPn) is trivial. This implies also that the commutator subgroup 
B'^ has non-trivial torsion-free quotients. 



In view of Example 5.2 j, the additional statements about localization and 



crossed products in Theorem 5.2i apply. In particular, if we have an exact 
sequence 1— >iJ— ^G— >j4^1 where A is elementary amenable, and lcm(G') < 
00, then the strong Atiyah conjecture is true for QG. If G is torsion-free and 
k * G is a crossed product with a skew field k, then k * G embeds into a skew 
field. 



Proof. By Theorem 5.40, this follows from Theorem 5.22|. □ 



5.4-2 Remark. It was a question of Lin gj, 0.9 e,f, Remark 7.3] whether the braid 
groups Bn have non-trivial non-abelian torsion-free quotients (actually, he con- 
jectures this not to be the case for n > 4). This question is also popularized as 



question B6 on the group theory server "www.grouptheory.info" . The question 
is answered with yes for n < 6 in [ p4| with an explicit torsion- free quotient. 
Humphries' computations are rather involved. In the course of them he makes 
use of computer algebra programs. He has explicit candidates for torsion-free 
quotients of B^ for all n. Humphries proves that the kernel of his projec- 
tion contains jn{Pn) and, for n < 6 is contained in P„. Explicit calculations 
of the ranks of the nilpotent abelian quotients of Pn/Kn show that in general 
Kn 7^ lk{Pn) for any fc e N. 

As a by-product of our approach, we get a torsion-free quotient as asked for 
by Lin for each _B„ (the only drawback is that we only give an existence proof, 
but without further work we can't specify the integers N for which Gn/jN{Pn) 
is torsion- free) . 
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